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1 Introduction

The first aim of this report is to combine two ways for representing uncertainty
through stochastic differential inclusions: a “stochastic uncertainty”, driven by
a Wiener process, and a “contingent uncertainty”, driven by a set-valued map
1 as well as to consider stochastic control problems with continuous dynamic
and state dependent controls.

The second objective is to extend to stochastic differential inclusions the
Invariance Theorem for nonstochastic differential inclusions (see [5, Aubin]| for
an exhaustive presentation, historical comments and a bibliography) with Lip-
schitz right-hand side, using the concepts of stochastic tangent sets to given
set-valued rnadom variable or stochastic tubes. A characterization of invari-
ance has been given in [20, Bardi & Goatin] in terms of “second-order nor-
mal cones”, using techniques of viscosity solutions for second-order Hamilton-
Jacobi equations.

In this paper, we shall use only the properties of stochastic differential
inclusions proved from firts principles.

Let us mention that in [8, Aubin & Da Prato], the Nagumo Viability
Theorem was extended to stochastic differential equations with Lipschitz or
monotone dynamics. The stochastic viability theorem has been proved in [10,
Aubin & Da Prato] not only for continuous single-valued drift and diffusion
coefficients, but also to the case of what can be called stochastic differen-
tial inclusions. A characterization of viability in terms of viscosity solutions
of second-order Hamilton-Jacobi equations has been given in [10, Buckdahn,
Peng, Quincampoix & Rainer].

Let us set X :=R"™, Y := R™, and let us consider a closed subset K of X
and a stochastic differential inclusion

d§ e F((t))dt + g(&(1))dW (2),

where F' is a set—valued maps with values in X, and ¢ is a map in L(Y, X)
respectively, and W is an Y—valued Wiener process. It describes the contribu-
tion of two kinds of randomness: a contingent one, represented by a set—valued
drift, and a stochastic one described by a diffusion.

More generally we shall consider the case of control problems of the form

i) d& = [(E(t),ult))dt + g(£(t), u(t))dW (1)

i1) for almost all (w,t) € Q x [0,1], u,(t) € U(x,(t)),

Lwhich can even be a “fuzzy set-valued map” as in [?, Aubin & Dordan].
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where the constraints bearing on the controls depend upon the states.

These two problems fit the same following framework. If H is a set—valued
map from X to X x L(Y, X), we introduce stochastic differential inclusions of
the form

d¢ € H(E,dt © dW (t)).

Let us denote by Iy(&,y,0) the It process associated with the drift v €
L*(Q, F;, P; X) and the diffusion o € L*(Q, F;, P); L(Y, X) by

(&7, 0)(t) = &+ /0 " (s)ds + /0 " o(s)dW (s)

We define a solution to such a stochastic differential inclusion to be an It
process Iy(&o, v, o) such that for almost all (w, ) € Q x [0, 0o,

(u(t), 00(t)) € H(&u(1)).

The time dependent constraints are defined by a stochastic tube ¢t —
K(t) C X. We denote by K(t) the subset

K(t) = {uec L*(Q,F, P) | for almost allw € Q, u, € K, ()}

A subset K is said to be invariant under H if from any initial random
variable &y in Ky, all solution £(-) to the stochastic differential inclusion are
viable in K, in the sense that

Vit e [0,00[, foralmost allw € Q, &,(t) € K,(t)

For characterizing these properties, we use the concept of stochastic con-
tingent set 7 (t, ) introduced in [7, Aubin & Da Prato]).

For that purpose, we adapt to the stochastic case the concept of contingent
set to a tube. Let us consider a F;-random variable £ € K ().

We define the stochastic contingent set T (t, x) to K at (t,x) (with respect
to F) as the set of pairs (v, o) of Fi-random variables satisfying the following
property: There exist sequences of h, > 0 converging to 0 and of Fiy, -
measurable random variables a” and b" such that

i) E(|a"[?) < p?
i) E(0"[*) < p?
iii) E(b"F,) = 0

and satisfying

z+hy+o(W(r +h) — W(r)) + ha" + Vhb" €as. K(t + hy,)
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almost surely.
We shall prove in essence that when H is Lipschitz, invariance? holds true
if and only if
Vi>0,VEe k() HE) C Tk(t§)

2 Stochastic Contingent Sets

2.1 Definitions
2.1.1 The Deterministic Case

We say that a set-valued map K : ¢ ~ K(t) from R, to X is a tube and that
a time-dependent function t — x(¢) is viable in a tube K if

V>0, a(t) € K(t)

We recall the definition of the Bouligand-Severi contingent cone Tk (¢, x)
to a tube K at a point x € K(t): A direction v € X belongs to Tk (t,x) if
and only if there exist sequences h, > 0 and v, € X converging to 0 and v
respectively such that

VYn>0, z+h,v, € K(t+h,)

When K(t) = K is constant, this boils down to the usual contingent cone
Tk(z) to K at x € K.

2.1.2 The Stochastic Case

Let us consider a o—complete probability space (€2, F, P), an increasing family
of o—sub-algebras F;, C F and two finite dimensional vector-spaces X :=
R" Y :=R™

Let us denote by I,.(&;,7,0) the It process associated with the drift v €
L*(Q, F;, P; X) and the diffusion o € L*(Q, F;, P); L(Y, X) by

L.(&,v,0)(t) = §T+/:'y(s)ds—|—/:a(s)dW(s)

2whereas when H is Marchaud, viability holds true if and only if

Vt>0,VEeK(t), H(E) N Tk(t, &) # 0
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The time-dependent constraints are defined by a closed adapted stochastic
tube K : t € Ry ~ K(t) C X. We denote by K(t) the subset

Kt) = {ue L*Q,F, P) | for almost all w € Q, u, € K,(t)}

Definition 2.1 We shall say that a adapted stochastic process £(+) is viable in
the stochastic tube K if

V>0, z(t) € K(t) (1)
i.e., if and only if
Vt>0, foralmost allw € Q, &,(t) € K,(t)

Definition 2.2 (Stochastic Contingent Set) Let us consider a F,-measurable
random variable & € KC(t). We define the stochastic contingent set Tx(t,€) to

K at& € K(t) as the set of pairs (v,0) € R" x L(Y, X) satisfying the following
property: For any o, p > 0, there exist h €]0, a| and Fyyp-measurable random
variable a" and martingale b" with values in R™, and L(Y, X) such that

i) E(la"]?) < p?
i) B2 < p? (2)
iii) EQWF) = 0

AN

and satisfying
£+ by +o(W(t+ h) — W(t)) + ha" + Vhb" € K(t + h)

The stochastic tangent set Sk (t,&) to K at & € K(t) (with respect to F;) as
the set of pairs (7y,0) of Fy-random variables satisfying the following property:
There ezist adapted continuous processes a(s) and b(s) converging to 0 when
s — t such that, for h small enough,

e+ [Torandst [T ave) € Ko @)

We see at once that

Sk(t,§) C Tx(t,§)

1 ftth
a = —/ a(s)ds
hJe

Indeed, we set

and

h._i t+h . .
b '_\/E/t b(s)dW (s)
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and we observe that
E("|F) = 0

{ () = 2 (“h s

t+h <
>\3 E([lo(s)]*)ds

converges to 0 because E (H Joe

that

In the same way,

{(WﬁﬂOFMde )

FE (J[b(s)])

converges also to 0 because E <Hfg go(s)dW(s)HQ) = [TE(||¢(s)]|*)ds

We also observe that, denoting by E(K) the tube t ~ E(K(t)),
if (v,0) € Tx(t,z), then E(v) € T (t, E(x))

where Tg(k)(E(z)) denotes the contingent cone to the expectation of K at
E(z) € E(K(t)), because, by taking the expectation in both sides of formula
(3), we infer that

E(z) + hE®) + hE(@") € E(K)(t + hy)

2.2 The Fundamental Estimate

Lemma 2.3 Let K be a stochastic tube, £(0) € K(0) a Fy-adapted stochastic
process.
We define an It process & := Iy(&o, 7, 0)

=0+/ @+/

and we choose a Fo- measurable projection ny € Ik (£(0)). Assume that
there exist v € X and og € X such that

{w LI E(I(v(s) = l*)) ds — 0
ii) 3y E(l(o(s) = 0ol*)) ds — 0
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Then, for any pair of Fo-random variable (7, c) in the stochastic contingent
set Ti(0,10), the following estimate

o Bl (1) — B (E0)

tpn—0 tn

< 2E ((¢(0) — 0,7 — 7)) + E([loo — o[|?)

holds true.

Proof — Let us set x = £(0), choose a projection y := 1y € g (0, x) and
take (7y,0) in the stochastic contingent set 7k (0,y). This means that there
exist sequences t,, > 0 converging to 0 and F; -measurable a" and 0" satisfying
the assumptions (2) and

YV n >0, for almost all w € Q, 4, + 0, Wo(tn) + Yot + taa + V0" € K, (t,)

Therefore

i1, (€(tn)) — d5c(£(0)) <

2
[+ Jom y(s)ds + Ji o ()dW () =y = oW (1) = ytn = taa" = VEb"|
— [lx =y

= [ = 9) + i (4(5) = 1)ds + i (o(5) — @)dW (5) — ta” — V" |
— llz =y

=: I
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The latter term can be split in the following way:

I =2<a—y, [ir(o(s) —o)dW(s) > L
+2<z—uy, " (y(s) —y)ds > I,
+ || fg(o(s) = o)dW (s)) || I
+ [ o (v(s) = 7)ds|? Iy
+2(Jg"(0(s) = 0)dW (s), [3" ((s) = 7)ds) I

—2(x —y+ I (4(s) = )ds + Ji" (o(s) — )W (s), taa™) Iy

=2 (x —y+ fi"(v(s) = y)ds + f" (o (s) — 0)AW (s), V/Eb") Iz

+ [[tna™ + /10" I

We take the expectation in both sides of this inequality and estimate each
term of the right hand-side. First, we observe that

E (<x . /Otn(a(s) _ a)dW(s)yfo>) _ 0

so that the expectation of the first term I; of the right-hand side of the above
inequality vanishes.
The second term I, is estimated by 2t¢,,«,, where

o = B((z =1 ["0205) = 2)ds))

a = E({z-y,7%-7)
The third term I3 is estimated by ¢, 3, where

B = LE (|| [y (o(s) — 0)dW (s))]?)

converges to

= i Jo"E(lo(s) — ol*) ds

converges to

B = E(|loo — o)
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because E (Hfo s)dW (s H ) JEE(||¢(s)||*)ds. The fourth term I, is easily
estimated by t,9, where

5 = 2B (| () —7)ds]?)

< L E((s) =) ds < ety

2
because E (Hf(f @(s)ds” ) <t [LE(|p(s)]]*)ds.
By the Cauchy-Schwarz inequality, the term I is estimated by 2t,n, where

o= B ((f5(0(s) = o)dW (s), Jg" (v(5) = 7)ds))

< LB(| i (o (s) — o)W (5)[[2) 2B i (1(5) — 7)ds|)
= L (R B(llo(s) — ol2ds)) " B ((s) — 7)ds][2)72
< Vo (& 5 Elo(s) — o) (S B(lr(s) = 412) "

< ct?

We now estimate the three latter terms involving the errors a and 0".
We begin with Is. First,

B((r—v.a) < Bl o) (B(I)"

which converges to 0 by assumption (2)i).
Now, the Cauchy-Schwarz inequality implies that

E ((fi"(4(s) = 7)ds, a"))

< B[l (r(s) = 7)ds| ) (lla2)?
Finally, the stochastic term is estimated in the following way:

E (< i (o(s) — a)dW(s), a”>)

< B(|fir () - )W (s H) E ([la" )

— (e E(lo(s) - o)|Pds) " E (Ja"])?
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which obviously converges to 0.
We continue with I;. We have

1
E(z- by =
since E(b"|Fy) = 0.

The Cauchy-Schwarz inequality implies that

E ((Ji"(v(s) = 7)ds, A=b"))

< E (Hfon(7(5> - ’Y)dSH2>2 E (H\/%bnw)%

= L (1, S B () = IP)ds)* B (Jen])?

Finally, the worst term of I7 is estimated in the following way:

E ((Ji(o(s) = 0)dW (s), A=b"))

IN

fﬁ (52 ots) = oy () ) B I )

— (i e E(llo(s) - 0)]12ds)* B (7))

which converges to 0 by assumption (2)ii).
It remains to estimate the last term of Ig. There is no difficulty because

FE ([ + vEr ) = B (e +v[)

converges to 0.
Putting everything together, we deduce the inequality of the lemma.

3 Stochastic Differential Inclusions

3.1 Definitions

Let us consider a o—complete probability space (2, F, P), a filtration of o-sub-
algebras F;, C F and two finite dimensional vector-spaces X := R?, Y := R*.
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Let us denote by Iy(&o,7,0) the It process associated with the drift v €
L*(Q, F;, P; X) and the diffusion o € L*(Q, F;, P; L(Y, X)) by

Io(&o,7v,0)(t) == &+ /Otv(s)ds + /Ota(s)dW(s)

Definition 3.1 We associate with a set-valued map H : X — X x L(Y,X)
the stochastic differential inclusion denoted by

d¢(t) € H(E(t),dt @ dW (t)) (4)

We shall say that an It process 1y(&o,7,0) is a solution to such a stochastic
differential inclusion if for almost all (w,t) € Q x [0, 00|,

for almost all (t,w) € [0,T] X Q, (7.(t),0,(t)) € H(&,(1)). (5)

We sball denote by Sg(&o) the set of It processes 1o(&o, v, 0) solutions to
the stochastic differential inclusion d&(t) € H(&(t),dt @ dW (t)).

In other words, an It process I(£,,0) is a solution to the stochastic dif-
ferential inclusion (5) starting at &, if and only if there exist a drift v €
L*(Q, F, P; X) and a diffusion o € L*(Q, F;, P); L(Y, X) such that

for almost all t > 0, (I(&,,0)(t),v(t),o(t)) €a.s. Graph(H)

Let us consider the subset

H(&) = {(v,0) € L*(Q, F, P; X) x L*(Q, F, P); L(Y, X)
{ such that for almost all ¢ > 0,
(L(&,7.0)(t),7(t),0(t)) €as. Graph(H)}

Hence, the set of solutions to the stochastic differential inclusion is equal,
to

SH(g()) - 1(507770)(7,0)67'{(50)

In particular, in the case when H := fx g describes the dynamics of a stochastic
differential equation with Lipschitz or monotone coefficients, we obtain

H(&) = (F(£()), 9((-))

where £() is the (unique) solution to the stochastic differential equation start-
ing at &.
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Definition 3.2 We associate with a set-valued map H and a subset I C
L*(Q, F,,P) its reachable sets ¥y (t, K) defined by

19H(t7 $>}C) = {f(t) S SH(gs)}éselC

The set-valued map t € Ry — Vy(t,s,K) C L*(Q, F;, P) is called the stochas-
tic reachable tube.

Definition 3.3 We shall say that it is Lipschitz if there exists a constant A
such that, for all x,y € X,

H(y) € H(zx) + Allz = yll(Bx x Bex)

4 The Localization Theorem

Proposition 4.1 Let us consider a sequence { Ag }r of mutually disjoint subset
Ay € Fy such that

Q = U Ay
k=1
Then

> Su (&) xa, € Su (Z&SXAk)
k=1 k=1

Therefore, in the case when H := f x g is Lipschitz and single-valued, we

deduce that . .
> Speg (&) XA = Spxg <Z fngk>
k=1 k=1

Proof — Indeed, consider solutions I(&F, 7%, o) € Sy (&) to the stochas-
tic differential inclusion. Then we observe that for all ¢ > 0,

I <Z ngAka Z /kaAka Z O-kXAk> (t) = Z I (557 /ykv O-k) (t)XAk
k=1 k=1 k=1 k=1
On the other hand, since for almost all t > 0,

(T(&5.~%,0") (£),7%(t),0"(t)) €a.s. Graph(H)

we infer that

(il(&é,vk,ak) (tmk,iv%mk,iak(t)xAk) €as. Graph(H)
k=1 k=1 k=1
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These two facts imply that
I (Z XA D7 Xy ZUkXAk> () €a.s. Graph(H)
k=1 k=1 k=1

and thus, that I (Zi"zl EEX A o Y X A akXAk) (t) is a solution to the
stochastic differential inclusion starting at 352, €8x 4, .

4.1 It Norms
We identify the space I(€2) of It processes with the space

1(Q) = LY Fo, X) x L2(Q, F, X) x LX(Q, F., L(Y, X))

through the map I.
Definition 4.2

6.7 0) 01 = Bl + B ( [ 1) + B ( [ 1o12)

the It norm of the It process (which plays the role of the Sobolev norm in the
deterministic world).

We observe the following
Lemma 4.3 There exists a constant ¢ such that, for every It process, inequal-
ity
E (I5(&%, v 0)®)*) < 3(1+1) [To(&,7, o) (®)IIF
holds true

Proof — We obtain

{ E(ITo(60,70)®1%) < 3(E(I&l») +E (5 1v)1°) +E (S lo()]3))

because
t
E <H/ o(s)ds
0

and

d

) < o[ Bl

[ esaws)

) = [ Biee:
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5 The Da Prato-Frankowska Theorem

5.1 The Theorem

Theorem 5.1 Let us assume that H is Lipschitz. Let us consider a given It
process 0 := Io(no, 8, 7). Then, there exist T > 0 and a constant c(T') > 0 such
that, from any initial Fo-random variable & starts a solution & = Iy(&o, 7y, 0)
to the stochastic differential inclusion d§ € H(E, dt @ dW(t)) satisfying the
following estimate

Vit e(0,7], [[To(So, v, 0)(t) = To(mo, 0, 7)(B)]IF

< o(T) (B0l = mlP) + [ BA((@(s),7()), H (Ta(ro,0,7)(:))))ds )

The proof of this theorem needs the following Lemma:

Lemma 5.2 Let us consider an integrable function e(-). Then

1

/ dty /t1 tln—_.sl” ds = /Ote(s) t ;!S)nds (6)

Proof — We observe that

-1

/dtl/t1 t —8)" — (s = /Ote(s)ds/:%dtl

= [ els)ds [(“_S)nr: [ e Las 0

n! n!

Proof of Theorem 5.1

1.  —  Construction of approximate solutions

By Corollary 8.2.13 of SET-VALUED ANALYSIS, [11, Aubin & Frankowska],
we can associate with any stochastic process ((t) and any pair (y(t),o(t)) in
X xL(Y, X) the nonempty set G((,, o) of measurable selection (7« (t), 0« (t)) €
H(C(t)) such that

Iy (8) = YOI + llox(t) = @)l = d((v(t), o(t)), H(C(1)))?

Starting with the It process 1 := Ig(n, 0, 7), we set

d(s)* = E(d((d(s), 7(s)), H(To(10,6,7)(5)))*)
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Next, we take
(m.01) € G0, 6,7))
and define
& = 10(50771701)

We observe that

161(8) = n@®lf < E(lISo —noll*) + d(t)?

We then choose inductively for n > 1

(fyn—&—b Jn+1) S G(é’m Tns On))

and define
Env1 = To(&o, Ynr1, Onp1)
We denote by A the Lipschitz constant of H and infer that

&0(t) — &0 1<>H1 t
_ Onls) = Fu-s (DI ds+ [ (o) = rals)) | ds)

0
(),

B( /0 (GO o—n<s>>,H<§n_1<s>>>2ds)
3 [ Bl (5) — nals)P)ds

< 31 +0) [ uas) — &uals) s

thanks to Lemma 4.3.
Therefore, setting v := 3\?(1+¢) and iterating these inequalities, we obtain

1€ (t) = ar(BIF <

t t1 tn—1
vt [t [t [T () (s ds
0 0 0

<[ tWH@@) — ol

ntn
< 25 [l - n(s)las

thanks to Lemma 5.2. Let T > 0 be such that the series/*--
happens at least whenever 2\*T'(1 + T') < 1) and let us set

Z

IN

(This

VTLt'I’L
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Consequently,

1€p() = &) ]l1 < Z [1€n41 () = &n(®)lx

<5 Qt) [ 16) — ol

This implies that the sequence of It processes &, := Iy(&o, Vn, o) is a Cauchy
sequence in the complete space I(2). Therefore, the sequences 7, and o,
converge to L? function v and matrix o, and consequently, for every ¢ € [0, T],
the It processes &,(t) converge to &(t) := Ip(&o, v, 0)(t) almost surely and also,
that &, converges to £ in L*([0,T] x Q, X).

By taking ¢ = 0 in the preceding inequalities, we obtain

I&(t) = () s( t) [ o) o
J O [ lls) = n(s)lizds

which implies the estimate we were looking for.

3. —  The limit is a solution

Since the functions (&,-1,vn, 0n) satisfy
for almost all t > 0, (£,-1(t), Yu(t),0n(t)) €a.s. Graph(H)

and converge to (£,7v,0) in L*([0,T] x Q, X)?* x L*([0,T] x Q, L(X,Y)), we
infer that the limit satisfies

for almost all ¢t >0, (£(¢),v(t),0(t)) €a.s. Graph(H)

that means that £(t) is a solution to the stochastic differential inclusion.

5.2 Existence from Given Initial Drifts and Diffusion

As a consequence, we obtain the useful

Theorem 5.3 Let us assume that H is Lipschitz. Then, there exist T > 0 and
a constant ¢(T) > 0 such that such that, for any Fo-random variable & and
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any Fo-random variables (v, 00) € H(&), there exists a solution a solution
¢ :=Io(&,y,0) to the stochastic differential inclusion d§ € H (&, dt & dW(t))
starting from & and satisfying

1 im > [’
i~ [ (e) = 0l’) = 0 & T ["B(lo(s) - oul) = 0

s—0 g

Proof — Indeed, by associating with (y9,00) € H(&) the It process
n := Iy(&o, 00, 70), the Da Prato-Frankowska Theorem 5.1 implies the existence
of a solution & := Iy(&p, v, 0) to the stochastic differential inclusion such that

t
lE®) = n@ < C(T)/O E(d(0, 00, H (Lo(110,70, 00)) ())*)ds
But, H being Lipschitz, inclusion

(70,00) € H(&) C H(To(0,70,00)(8)) + Al[T(&0; Y0, 70)(5) — &oll B

holds true almost everywhere. Therefore,

{ E(d(70, 00, H(Lo(n0, 70, 00))(5))*)) < NE([1(0,7,00)(s)|?)
< 25(1+ s)N(E(|lol*) + E(lloo]*))

Consequently, by Theorem 5.1,

E (f; v = l?) + E(f5 llo = ool®)
2¢(T)N J3 (1 + 7)(E(|70]|?) + E(|oo?)dr
2¢(T)N(1+ 20)(E(||y0]|) + E([|o0]®))

[ IA

Dividing by s > 0 and letting s converge to 0, we infer that both + 5 E(||(s)—
Yl|?) and £ [§ E(||o(s) — o9]|?) converge to 0.

6 The Invariance Theorem for Stochastic Dif-
ferential Inclusions

6.1 Sufficient Condition

Theorem 6.1 Assume that H : X ~ X x L(Y,X) is Lipschitz. Let KC be a
set-valued random variable such that, for all t > 0

v€€’Cv H(g) € TK(tvg) (7)

Then the set-valued random variable IC is invariant under H.
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Proof — Let us assume that K satisfies condition (7), & belong to K and
let £(+) := Ip(&o, v, o) be any solution to differential inclusion (4) starting at &y
and defined on some interval [0, T]. Let us set g(t) := E(d%;(£(t))). Since the
solution to the stochastic differential inclusion can be written for any A > 0

t+h t+h
£(t+h) +/ ds+/ o(s)dW (s
t

we deduce from Lemma 2.3 that for any F;-measurable selection n(t) of I (£(t))
and any (J,7) € 7 (t,n(t)), the following inequality

<E(d2 (e (§(t+ 1)) — E(dg (f(t)))>

D;g(t)(1) := liminf

h—0+

h

< 2B ((§(1) = n(t),7(t) — 6)) + E(llo(t) — 7[1*)

2 E(d%(E(1)) - VE((E) = 8]2) + E(lo(t) — 7]1%)

holds true.
Since H is assumed to be Lipschitz, we deduce that

H((t)) < H(n(t)) + Ak (£(2))(Bx X Breyx))
We infer that
Dig(t)(1) < (2A+ N)E(di(£(1))) = (2X + A\)g(t)
Then ¢ is a solution to
vte[0,7], Dig(t)(1) < 2A+M)Ag(t) & g(0) =0

We deduce from Lemma 6.2 below that g(¢) = 0 for all ¢ € [0, T, and therefore,
that £(t) is viable in K on [0, 7.

Lemma 6.2 Let g : Ry — R U {+00} be a nontrivial lower semicontinuous
function satisfying
VaeRy, Dig(t)(1) < a(t)g(t) +b(t)

Then
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Proof —  This is a trivial consequence of the Nagumo Theorem for the
system of differential equations

i) T(t) =1
it) 2'(t) = a(t)x(t) + b(t)
subjected to the viability constraint
Vit>0, (7(t),xz(t) € Ep(g)

The tangential condition is

V72>0, (L,a(m)g(r) + (1)) € Tepg)(7,9(1)) = Ep(Dyg(1))

i.e., inequality
V720, Dig(r)(1) < a(r)g(r) +b(7)

Therefore, starting from (0, g(0)), the solution
t t t
(t, el @7g(0) + [ el Tu(s)as) € Eplg)
0

to this system of differential equations belongs to the epigraph of g. This
implies the inequality we were looking for. O

Remark on Sufficient Conditions — By imposing tangent conditions
not only on K(t), but on all random variables, viable or not, we obtain the
following

Lemma 6.3 Assume that for every Fi-random variable &, there exists a JF;-
measurable projection n € Mk (&) such that

H(S) € Tk(t,n) (8)

Then the set-valued random variable K is invariant under H.

Proof — The proof of Lemma 6.3 is also based on Lemma 2.3.

Let us consider a solution & := Iy(&,7v,0) € Su(&) to the stochastic
differential inclusion d§ € H (&, dt®dW (t)). Since the solution to the stochastic
differential inclusion can be written for any h > 0

€+ n) =€)+ [ o (s)ds + / T o(s)dw (s)

we deduce from Lemma 2.3 that for any F;-measurable selection 7(t) of Il (£(t))
and any (J,7) € 7 (t,n(t)), the following inequality
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liminf, o (E(d% . (€t + ) — B(d%(E(1))) /h

< 2B ((S(t) = n(t),7(t) = 8)) + E(llo(t) — 7|?)

holds true. Since there exists a selection 7(t) of Ik (&(t)) such that we can
take § := 7(t) and 7 := o(t) by assumption, we infer that setting

g(t) = E (i (1)

the contingent epiderivative D;g(t)(1) is non positive.
This implies that g(¢) <0 for all ¢ € [0,77], and thus, that g(t) < ¢(0) =
0. O

6.2 Necessary Conditions

Let K be a set-valued random variable.

Theorem 6.4 Let us assume that H : X ~ X x L(Y, X) is Lipschitz. If the
stochastic tube K 1is invariant under H, then

V€€]C, H(f) € SK(taf) C TK(tag) (9)

Proof — By Theorem 5.3 (Corollary 2.2 of [20, Da Prato & Frankowskal),
for every (0, 00) € H (&), there exists an It process Iy(&o, 7, o) to the stochastic
differential inclusion (7) starting from &, and satisfying

. 1 s . 1 rs
lim ~ [ E(|[v(s) —7l*) = 0 & hﬂ(l)*/ E(|lo(s) = aol®) = 0
s—0 5 Jo

s—0 s Jo

Since the stochastic tube K is invariant under H, this It process is viable in
K.
Therefore, setting £(t) := Iy(&o, v, 0)(t) , we obtain

) = o [ 2s)ds+ [ ols)av (s (10

which can be written it in the form
h h
£(h) = £(0)+ hyo + oW (h) + /0 a(s)ds + /0 b(s)dW (s) €as. K(h)

where
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converge to 0 in the sense that

S S

1 1
lim= [ E(a(s)?) = 0 & lim— [ E(b(s)*) = 0
lim ~ | Ea(s)°) lim = | B(b(s)")
by Theorem 5.3.
This means that (7o, 09) belongs to the stochastic tangent set Sk (0,&g) to
the stochastic tube K at §, € Ky. O
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