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Introduction

A series of papers and books — among which [64, Branicky, Borkar & Mitter],
[56, Bensoussan & Menaldi], [161, 162, Matveev & Savkin] and [215, Shaft & Schu-
macher] to quote a few — aims at embedding several classes of “hybrid systems” or
“impulse optimal control problems” into a general framework.

This minicourse contributes to this effort, by presenting impulse control and
hybrid systems in the framework of the viability of control systems following [20,
Aubin], [28, Aubin-Dordan], [34, 35, Aubin-Haddad] and [37, Aubin, Lygeros, Quin-
campoix, Sastry & Seube].

Indeed, a key towards success requires simplification of the problem to use only
the relevant properties of the problem, the price to pay being more abstraction.
Here, the abstraction process amounts to

1. regard control systems as differential inclusions, i.e., differential equations with
set-valued right hand sides,

2. regard hybrid control systems as “impulse differential inclusions” that we are
about to define.

A first advantage is to summarize the usually protracted description of an hybrid
system by only two set-valued maps F' — the right-hand side of the differential
inclusion governing the continuous evolution of a hybrid system — and R, describing
the reset map reinitializing the system when required and a constrained set K inside
which the evolution of the “run” or “execution” must remain. Hence, for instance,
the existence of a run of an hybrid system for every initial set becomes a viability
problem of an adequate auxiliary subset under an impulse differential inclusion, that
can be characterized elegantly end efficaciously.

Nameoly, given a control system or a differential game described under the form
of a differential inclusion 2’ € F(z) and constraints on the states represented by a
closed subset K, we say that K s viable under F if from any initial state xo € K
starts at least one solution of this differential inclusion “viable” in K in the sense
that

Vi>0, z(t) € K

There are no reasons why an arbitrary subset K should be viable under the differ-
ential inclusion 2’ € F(z).

Hence, the problem of reestablishing viability arises. One can imagine several
mechanisms for this purpose:



1. Change either the dynamics or the set of constraints

(a) either by changing the controls according to feedbacks or dynamic feed-
backs that can be constructed (see for instance [8, 10, Aubin]),

(b) or by changing the dynamics by, for instance, projecting the velocities
onto the contingent cones and introducing viability multipliers (see for
instance [8, 10, Aubin]),

(c) or by restricting the constrained set to its viability kernel, which is by
definition the largest subset viable under the dynamics,

(d) or by letting the set of constraints evolve according to mutational equa-
tions, as in [13, Aubin].

2. or change the initial conditions by introducing a reset map R mapping any
state of K to a (possibly empty) set R(x) C X of new “initialized states”.

This is the latter strategy we choose to use here: Hence an impulse differential in-
clusion (and in particular, an impulse control system) is described by a pair (F, R),
where the set-valued map F': X ~ X mapping the state space X := R" to itself
governs the continuous evolution of the system in K and where R, the reset map, gov-
erns the discrete switches to new “initial conditions” when the continuous evolution
is doomed to leave K.

Such a hybrid evolution, mixing continuous evolution “punctuated” by discon-
tinuous impulses at impulse times is called in the “hybrid system” literature a “run”
or an “execution”.

Namely, let us set z(~t) := lim,_;_ x(7). Starting from an initial state zq € K,
a “run” of the impulse differential inclusion is a “map” x(-) from [0, 7] to X which is
associated with a non decreasing sequence 7 (x(-)) := {t, }n>0 of impulse or switching
times tp:=0<t; <...<t, <---<T such that

1. 2(tur) € R(a(t)) if tasy = tn,

2. or else, on the interval [t,, t,.1[, z(+) is a solution to the differential inclusion
x' € F(x) starting at z(t,,) at time t,, until time ¢, 1 at which we take x(¢,41) €
R(z("tnia)).

We denote by 7, := t,, —t,,_1 the nth cadence of the run and by z,(-) := z(-+t,)
the nth motive of the run, a solution to the differential inclusion 2’ € F(x) starting
at x(t,) on the interval [0, 7,]. The sequence of states z(t,) is called the sequence
of initialized states.



A run is said to be viable in a closed subset K if for all t > 0, z(t) € K and we
say that a subset K is viable under (F, R) if from any initial state zy € K starts at
least a run to the impulse differential inclusion (F, R) viable in K.

Many examples coming from different fields of knowledge fit this framework:

1.

2.

multiple-phase economic dynamics in economics (see for instance [98, Day]),

stock management in production theory ([53, 54, 55, Bensoussan & Lions J.-L.]
for instance),

. viability theory, for implementing the extreme version of the “inertia principle”

([8, 10, Aubin])),

. propagation of the nervous influx along axones of neurons triggering spikes in

neurosciences and biological neuron networks® (See the “Integrate-and-Fire”
models in [67, Bressloff & Coombes|, [69, Brette], [73, Burgmann], [102, Des-
texhe], [197, 198, Shimokawa, Pakdaman & Sato] and [199, Shimokawa, Pak-

daman, Takahata, Tanabe & Sato] for instance.),

“threshold” impulse control, when “controls jump” when the threshold is
about to be trespassed,

. punctuated evolution as proposed by N. Eldredge and S.J Gould in [107, El-

dredge & Gould] in biological evolution,

in demographical models, to take into account discontinuous processes such as
births and deaths,

in issues dealing with “qualitative physics” in Artificial Intelligence and/or
“comparative statics” in economics (see for instance [9, Aubin| and [105, Dor-
dan] for a mathematical presentation of these issues and further bibliographical
data),

in logics, where connections are made between impulse differential inclusions
and the p-calculus (see [92, 93, 94, Davoren], [169, Nerode & Shore] and their

references),

linstead of the continuous time Hodgkin-Huxley type of systems of differential equations inspired
by the propagation of electrical current which are the subject of an abundant literature. See the
pioneering [138, Hodgkin & Huxley].



10. in manufacturing and economic production systems, when the jumps are gov-
erned by Markov processes instead of set-valued maps (see [112, Filar, Gaits-
gory & Haurie|, [113, Filar & Haurie|, [123, Gershwin], [131, 131, Haurie,
Leizarowitz & Van Delft]) and the references herein,

11. and, above all, in automatic control theory where a fast growing literature
deals with hybrid “systems”.

Hybrid systems are described by a family of control systems and by a family
of viability (or state) constraints indexed by parameters e called “locations”.
Starting with an initial condition in a set associated with an initial location,
the control system associated with the initial location governs the evolution of
the state in this set for some time until some impulse time resets the system by
imposing a new location, and thus, a new control system, a new constrained
set and a new initial condition. One can show that they fit in the above class
of impulse systems in a simple and natural way.

The Viability Theorem? and its consequences imply that K is viable under (F, R)
if and only? if K\R™'(K) is locally viable* under F, i.e., in “tangential form”?, if
and only if

Voe K\RYK), F(x)NTxg(z) # 0

or, equivalently, in dual form, if and only if

Vre K\RYK), Vpe& Ng(z), o(F(x),—p) > 0

2See for instance Theorems 3.2.4, 3.3.2 and 3.5.2 of [8, Aubin].

3The subset K\C' denotes the intersection of K and the complement of C, i.e., is the set of
elements of K which do not belong to C.

4Viability issues (“positively invariance” for hybrid systems) has been studied in pretty much
the same spirit in [135, Hespanha & Morse] (Lemma 3) and [63, Branicky].

>The contingent cone T;(z) to L C X at = € L is the set of directions v € X such that there
exist sequences h,, > 0 converging to 0 and v,, converging to v satisfying x + h,v, € L for every
n. The (regular) normal cone Np(z) :=Tr(x)” :={p€ X* |Vv € Tr(z), (p,v) <0} is the polar
cone to the contingent cone 77 (x) (see for instance [31, Aubin & Frankowska]) or [182, Rockafellar
& Wets] for more details). We denote by

VpeX*, o(K,p) = sup(p,z)
reK

the support function of K.



The behavior of the run is “summarized” by the “initialization map” U := U g p)
associating with each initial condition zy € K the set of new initialized conditions
x1 € R(x("t1)) when x(-) ranges over the set of solutions to the differential inclusion
2’ € F(z) viable in K until they reach R~}(K) at time t; > 0 at (7t;) € R7(K).

Indeed, the sequence of successive initial conditions z,, of a viable run z(-) of the
impulse differential inclusion (F, R) — constituting the “discrete component of the
run” — is governed by the discrete system z,, € Upp)(2z,—1) N K starting at z.
The knowledge of the sequence of initialized states x,, allows us to reconstitute the
“continuous component” of the run by solving the differential inclusion 2’ € F(x)
starting at each reinitialized state x,, and satisfying the end-point condition x, 1 €
R(x("tny41)), which exists thanks to the definition of the map Ul ).

Assume for a while that the impulse differential inclusion is actually an impulse
differential equation (f,r) where the maps f and r are single-valued and that the
initialization map is single-valued and differentiable. Then we shall prove that the
initialization map is a solution to the system of first-order partial differential inclu-
sions

Ou;(x

V1
Z 0z fj
or, in a more compact form,
ou
0 = —
e (z)

satisfying the “condition”
Vee Knr i(K), r(z) = u(x)

Actually, we shall extend this result to general impulse differential inclusions by

characterizing the initialization map Uiy ) as a generalized (set-valued) solution —

a Frankowska solution — to the system of first-order partial differential inclusions
ou

OE%F()

satisfying the “condition”
Vere KNRYK), R(x) C U(x)

These are indeed really Dirichlet boundary condition whenever the reset map
R is defined only on the boundary 0K of a closed subset K and maps 0K into
the interior of K. In this case, resetting initial conditions happens only when the



continuous evolution of the state governed by the differential inclusion or the control
system is about to leave the domain K. Hence the reset map assigns new initialized
states in the interior of K.

Hybrid systems are described by
1. a finite dimensional vector space E of elements e (called “locations”),
2. a set-valued map K : E ~ X associating with any e a subset K(e) C X

3. amap® f: Graph(K) ~ X with which we associate the differential equation
a'(t) = fle, x(t)),
4. amap r: Graph(K) — E x X

We shall say that a map ¢ — z(t) € X discontinuous at some states ¢ty := 0 < t; <
«+- < t, < --- and absolutely continuous on the intervals [t,,t,1[ is a run of an
hybrid differential equation starting from =z if

e(t) = e, is a constant location
Vn>0, VteEtytol,y 2'(t) = flen, z(t))
z(t) € K(ep)

and
vVn 2 07 (€n+17$n+1> = T(ena x<_tn+1)) & x<tn+1) € K(en+1)

at some time t,.
It is shown that it is enough to look at them as runs to the extended impulse

system
(€'(t),2'(t)) = (0, f(e(t)), x())
which are viable in the graph of the constraint map e ~ K(e).

Indeed, the above system requires that the component e(t) remain equal to some
constant parameter e, as long as the state z(t) is viable in K(e,) and to switch to
another initialized state x,.; € K(e,11) according to a reset law (e,41,2(tni1)) =
r(en, z("t,)). So, the Impulse Viability Theorem provides a necessary and suffi-
cient condition for the existence of runs of hybrid systems starting from any initial
condition xy € K (ep).

6We shall assume later on that the dynamics governing the evolution of the continuous part of
the run is set-vlaued. In the case of single-valued map, hybrid systems as we describe them are
very close in spririt to differential automata introduced in [209, Taverni].



Actually, we shall study this problem when f is replaced by a set-valued map F’
describing the dynamics of a differential inclusion and the map r is replaced by a
set-valued reset map R encapsuling also uncertainty in the discrete dynamics of the
hybrid differential inclusion.

We next consider specific viability constraints — called, dynamical inequalities
— which are written in the form

Vielo,T], v(z(t)) < w(t)

where v : X — Ry U{+o0} is a given nontrivial nonnegative extended function.

Here, the evolution of ¢t +— x(t) is a run governed by an impulse differential
inclusion (F,R) and the evolution of ¢ — w(t) is governed by some differential
equation

For instance, taking ¢(z,w) = aw, we would obtain runs along which the loss
function decreases exponentially:

V>0, viz(t) < v(zg)e ™

where a > 0. Such functions can legitimately be called exponential Lyapunov func-
tions.

Let us mention right away the link between dynamical inequalities and viability
constraints: Denoting by

Ep(v) = {(z,w) e X xR |v(z) < w}

the epigraph of the function v, the above dynamical inequality constraints can be
written

Vielo,T], (z(t),w(t)) € Ep(v)

Hence we are now in familiar grounds whenever the epigraph of the extended
function v is closed”. For applying the Impulse Viability Theorem, it is natural to
introduce the contingent cone to the epigraph of the function v and to observe that
it is the epigraph

Tepwy(z, v(z)) = Ep(Dyv(z))

"Extended functions the epigraph of which are closed are called lower semicontinuous functions.




of the function Dyv(z) defined by:

/
Vue X, Dyv(z)(u) = hli(l)rglﬁiux}iu viet hz;b) viz)
It is called the contingent epiderivative of v at z and is a generalized directional
derivative because Dyv(x)(u) = (v/(z),u) whenever v is differentiable.
Introducing the marginal function u associating with any z the infimum® u(x) :=
infycr() v(y) of v on R(x), we shall prove that the two following statements are
equivalent:

1. for any initial state zy € Dom(v), there exist a run z(-) to the impulse differ-
ential inclusion (F, R) and a solution to the differential equation v’ = p(z, w)
satisfying

V>0, v(z(t) < w(t), w(0)=v(z(0))

2. v is a contingent solution to the Hamulton-Jacobi variational inequalities

V x such that v(z) < u(z), 12? )DTV(JZ)(U) + o(z,v(z)) <0
vel(x

In other words, the familiar characterization of Lyapunov functions has to be satis-
fied only for the elements x in the “continuation set”

{z such that v(z) < u(x)}

instead of in the whole domain of v.

Assuming that inf,c x v(z) = 0, taking F(z) := B, the unit ball and ¢(z,w) :=
aw with a > 0, we obtain an hybrid gradient method for reaching a global minimum
of v.

A cadenced run is then defined by constant cadence, initial state and motive, where
the value at the end of the cadence is reset at the same reinitialized state. It plays
the role of a “discontinuous” periodic solution of a differential inclusion.

We shall prove that if the sequence of reinitialized states of a run converges to
some state, then the run converges to a cadenced run starting from this state, and
that, under convexity assumptions, that a cadenced run does exist.

8setting u(z) = +oo whenever R(z) = 0.



Existence of periodic solutions to differential automata introduced in [209, Tav-
erni] and an adpatation of the Poincar-Bendixon Theorem to differential automata
can be found in [160, Matveev & Savkin].

When K is not viable under an impulse differential inclusion (F, R), we define
the reset kernel Reset(z,z)(K') of K under the impulse differential inclusion (F, R) as
the set of initial states from which starts at least one run of the impulse differential
inclusion viable in K.

In order to eliminate both solutions to the differential inclusion 2’ € F'(z) and
sequences of the discrete system x,1 € R(x,), we assume that the closed subset K
is both a repeller under F' and a discrete repeller under R.

We shall prove that the reset kernel Reset(pry(K) of K under the impulse dif-
ferential inclusion (F, R) is the largest closed subset of K viable under the impulse
differential inclusion (F, R).

Actually, we shall provide further characterizations and properties of closed sub-
sets viable under impulse differential inclusions or their reset kernels by using the
concept of viable-capture basin of a closed subset C' (regarded as a target) Capth (C),
defined as the set of initial states from which at least one solution to the differential
inclusion 2’ € F(z) is viable in K until it reaches the target C' in finite time.

We shall prove that the reset kernel is the largest “fixed set” of the map L +—
LN Capth (R (L) N K), i.e., a solution to equation

Reset(p gy (K) := Capty (R (Reset(rpy(K)) N K)

In this case, from any x¢ € Reset g g)(K) starts a solution viable in Reset(z g (K)
until it reaches R™'(Reset(rp)(K)) at some time ¢; and at some state z:(7¢1). Then
there exists a new initial state 1 € R(x(7t;)) N Reset(pr) (/) from which one
can reiterate the process for obtaining a run locally viable in Reset(z,z) (/) until it
reaches R™!(Reset(r gy(K)).

Furthermore, we obtain the reset kernel Reset(z g) (/) through the “reset kernel
algorithm”: Defining recursively K := K and, for all n > 0,

K, = K, 0 (Captf (R (K,-1) N K))

we shall prove that
Reset(rp)(K) = () Ka
n>0

This justifies a further study of the viable-capture basins initiated in [78, Cardaliaguet,
Quincampoix & Saint-Pierre| and [180, Quincampoix & Veliov] under the name of
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viability kernel with target and pursued in [17, 19, Aubin] in the framework of
invariance envelopes. In particular, we shall characterize the viable-capture basin
Capt® (O) of a closed subset C' as the largest closed subset D satisfying

i) C cDCK
it) D\C is locally viable under F

When K is assumed further to be backward invariant (i.e., when all solutions to
the backward differential inclusion 2’ € —F(x) starting from K are viable in K),
then

Capt® (C) = Captp(C) := Capty(C)

so that Capt(C) is the unique closed subset D satisfying
i) CcDCK

i)  D\C'is locally viable under F
i7i) D is backward invariant under F’

thanks to a characterization theorem of capture basins given in [17, Aubin], since
capture basins are backward invariance envelopes.

When F'is assumed to be furthermore Lipschitz, we may reformulate this prop-
erty by stating that K is the unique “Frankowska extension” of C' under F', i.e., the
unique closed subset D D C which is a repeller under F' and satisfies the “tangential
conditions”

it) Yoxe D\C, F(x)NTp(z) # 0

or, equivalently, by duality, the “normal conditions”

{ i) YreD, Vpé&Np), olF(z),—p) <

{ i) VaxeD, F(z)c —Tp(x)

0
it) Yoe D\C Vpe Np(x), o(F(x),—p) 0

Being viable-capture basins — or, when K is backward invariant, capture basins
— the reset kernel Reset(p ry(K) of a closed subset K under an impulse differential

inclusion (F, R) enjoys the above properties when the target C'is R~!(Reset(r gy (K))N
K.

As one of the possible applications, we derive? the characterization of the value
function of an infinite horizon intertemporal optimal impulse control problem as a

9by using the viability approach for usual optimal control used in Chapter 6 of [26, Aubin &
Cellina], [8, Aubin] and [33, Aubin & Frankowska].



11

Frankowska solution — a concept of generalized solution weaker than the concept of
viscosity solution — to the quasi-variational inequalities introduced by Alain Ben-
soussan, Jacques-Louis Lions and many other authors (see [53, 54, 55, Bensoussan
& Lions J.-L.] for instance for motivations, examples and a review) and recently
extended to hybrid systems in [56, Bensoussan & Menaldi]. See also [43, Barles],
[63, Branicky|, [64, Branicky, Borkar & Mitter] among other references.

We denote by R(z) the set of runs z(-) of the control problem

{ )20 = flanuv)
S

starting from x associated with the switching times tp := 0 < t; <
satisfying

IN
o
IN

1. if t € [t—1,t,[, then
w0) = w0+ Y6t [ flalr),ulr))dr
k=1

2. lf tn = tnfl,

= alta) = 0+ o6t [ Ha(),umyar

Let us introduce a “cost function” w : X — R U {+oo} and a Lagrangian [ :
X xP—R.
We shall characterize the value function

v(z) = inf (Ze “rw (&) —I—/ e Tz ,u(7‘))d7‘>

(2(-)u(-))eR

of the above control problem by proving that its epigraph is the reset kernel of X xR,
under an auxiliary impulse differential inclusion involving the cost function w. By
using the tangential and normal characterizations of the impulse viability kernel,
we shall derive that under adequate assumptions, the value function is the unique
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Frankowska'® solution v : X — R U {400} of the quasi-variational inequalities

i) 0 < v(x) < (vsw)(z)
it) Vped_v(z), H(z,v(z),p) <0
iwi) Vpedv(x), H(r,v(x),p)(v(z)—(vw)(r)) = 0

where

1. (v+w)(z) ;= inf ex(W(y) + w(y + x)) is the inf-convolution of the functions
v and w,

2. 0_v(z) denotes the generalized subgradient of v at z, as it used both is nons-
mooth analysis (see for instance [31, Aubin & Frankowska] or [182, Rockafellar
& Wets|) and in the theory of viscosity solutions (see for instance [89, Crandall
& Lions P.-L.] and [42, Bardi & Capuzzo-Dolcettal),

3. H(z,y,p) := SuDuep() (D, f(7,u)) + I(z,u)) — ay denotes the Hamiltonian
associated with the control system and the Lagrangian,

4. v is unique in the class of lower semicontinuous functions.

Knowing the value function v, we introduce the two regulation maps Ry p) and
R, defined by

Rp)(z) = {ue Px) | Dyv(z)(f(z,u)) + U(z,u) —av(z) < 0}

and
Ruw(z) == {ye X |w(y) +v(y+z)=(vxw)(z)}

Therefore, an optimal run is obtained in the following way: Starting from z, such
that v(xg) < (v *x w)(zg), we choose a solution to the control system

{ i) 2'(t) = ( (t), u(t))
i) u(t) € Ryppp(e(t))

10H¢lene Frankowska proved that the epigraph of the value function of an optimal control problem
— assumed to be only lower semicontinuous — is invariant and backward viable under a (natural)
auxiliary system. Furthermore, when it is continuous, she proved that its epigraph is viable and its
hypograph invariant ([119, 120, 122, Frankowska]). By duality, she proved that the latter property
is equivalent to the fact that the value function is a viscosity solution of the associated Hamilton-
Jacobi equation in the sense of [89, Crandall & Lions P.-L.]. See also [50, Barron & Jensen] and
[42, Bardi & Capuzzo-Dolcetta] for more details.
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until the time ¢; > 0 when v(z(7t1)) = (v *xw)(x("t1)).

At this stage, we take for reinitialized sate x; € Ry (xz("t1), and we reiterate the
process.

In other words, the optimal impulse control problem with infinite horizon con-
ceals an underlying impulse control system ((f, R(s,r1)), Rw) the runs of which are
the optimal runs of the initial control problem.

This application to optimal impulse control is presented not so much for pro-
viding the existence of a generalized solution to the quasi variational inequalities
to which the value function is a solution, but to convince the reader that the sim-
ple framework we propose allows us to cover many problems arising in the realm
of hybrid systems in control theory, of stock management in production theory, of
multiple-phase dynamical economies in economics, of the propagation of the nervous
influx along axons of neurons triggering spikes in neurosciences, etc. It evidences
that the tangential and normal characterizations of the viability of a set or of its
reset kernel are implying the theorems characterizing value functions as solutions
to quasi variational inequalities, and thus, share the same features. This suggests
that this approach based on viability theory and set-valued analysis provides some
potential for studying those problems which can be formulated as viability problems
for impulse differential inclusions.
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Chapter 1

Definitions and Elementary
Properties

1.1 Runs of Impulse Differential Inclusions

We define “runs” in the following way:

We define “runs” in the following way:

Definition 1.1.1 Let us set x(7t) := lim,;— x(7). We say that a sequence
F() = (Tns o 2 (Dnzo € Ry x X)N x J[ €(0,7,; X)
n=0
is a run Z(-) made of

1. a finite or infinite sequence T(Z(:)) := {7, }n of nonnegative cadences 7, €
[0, o0,

2. a sequence of reinitialized states z,, € X,
3. a sequence of motives x,(-) € C(0,7,; X).
and by the formulas

i) the sequence 7 (Z(-)) := {t, }n>0 of impulse times t,11 :==t, + 7, to =0
it) Vte [ty ton), Z({t) = x,(t —t,) &ult) == u,(t —t,)
(1.1)

15
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Naturally, if 7, = 0, i.e., when t,.1 = t,, we identify the motive x,(-) with the
reinitialized state z,(-) = x, € C(0,0; X) = X, so that runs can be time-dependent
functions, sequences, or hybrids of them.

If the sequence of cadences is finite and stops at Ty, we agree that the Nth motive
(xn(-),un(+)) is taken on [0,4o00] and we agree to set T4 = +00.

We associate with a run Z(-) its sequence of switches s(Z(-)) := (Sn(Z()))n>0
defined by

sn(Z(+) == @ — (1)
We denote by T (Z(-);t) the set of impulse times t, <t less than or equal to t.
The life expectation T(Z(+)) of a run Z(-) is defined by

+oo
T(Z(-) == > 7 = lim ¢, < 400
n=0

n—-—+o00

so that its domain of definition is the interval [0, T(Z(-))]. The run is said to be
1. finite if for some p and for alln > p, t, =t,, ,
2. a Zeno run if its life expectation T (Z(-)) < +oo is finite,

3. strict is all the cadences 1, > 0 are strictly positive, i.e., if the sequence of
impulse times t, € T s strictly increasing,

4. exhaustive if it is not finite and if its life expectation T(Z(-)) = +oo is infinite
(non Zeno).

We say that a run Z(-) is viable in K if for anyt >0, Z(t) € K.
Let us just point out that
V>0, @(t,) = x, := Z("t,) +s.(7("))

Let us consider a finite dimensional vector space X, a closed subset K C X and
a set-valued map F : X ~» X, with which we associate the differential inclusion
2'(t) € F(x(t)). We say that K is viable under F' if, from any initial state o € K
starts a solution z(-) to the differential inclusion viable in K in the sense that

Vt>0, z(t) e K

When K is not viable under F', we can maintain the viability by “resetting”
the differential inclusion whenever the solution is doomed to leave K by fixing a
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new initialized state through a reset map R : X ~ X. We then may still obtain
viable evolutions, called “runs”, which are discontinuous time-dependent function
at a increasing sequence of “switching times”.

Let us set x("t) := limy,;— x(7) when z(-) is defined on some interval [t — 7, 1]
where 7 > 0,and, for consistency purposes, z(s) = z(7t) if s = t.

Definition 1.1.2 Let us consider a finite dimensional vector space X, a closed
subset K C X, a set-valued map F : X ~ X and a set-valued map R : X ~ X,
regarded as a reset map'. Then the pair (F,R) governs a run Z(-) of an impulse
differential inclusion if

{ i) Vn>0, z,(:) € Sr(wa) (1.2)

it) ¥Yn >0 such thatt, < +00, Z,r1 € R(x,(1,))

We shall denote by R(x) := R&R) (x) the set of runs of the impulse differential
inclusion (F, R) starting from x € K wviable in K.

We shall say that the impulse differential inclusion is strict (resp. exhaustive) on
K if for allx € X, all runs Z(-) € R(p,r)(x) viable in K are strict (resp. exhaustive).

At this stage, a run z(-) can just be a (discrete) sequence of states x, .1 € R(x,)
at a fixed time, or just a (continuous) solution z(-) to the differential inclusion
x' € F(z), or an hybrid of these two modes, the discrete and the continuous.

A necessary condition for a run z(-) to be a solution to the impulse differential
inclusion is that, for any switching or impulse time ¢, z(~t,) belongs to the domain
Dom(R) = R7'(X) in order to be able to obtain a nonempty set R(x(t,)) in which
we chose the new initialized state x(,41).

Proposition 1.1.3 A run z(-) of an impulse differential inclusion (F,R) is asso-

ciated with a sequence of impulse or switching times tg =0 <t; < .- <t, < ---
and defined by: forall j=1,...n—1,
1. thj == tjfl,

z; = x(t;) € x0+Zsk +/

"When @ : X ~» X is defined on X, we associate with it its “graphical restriction” to K x K
(again denoted by) ® defined on L := K N ®~1(K) and associating with x the subset ®(x) N K.
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2. Zf tj > tjfl,

t
i) Vieltntl z(t) € :1:0+Zsk +/ Fa(r))dr

tJ
i) wx; = x(t;) € :Eo—f—Zsk +/0 F(x

where s(Z(+)) is the associated switching sequence.

Proof —  We shall prove this statement recursively by assuming that we have
constructed the viable run z(-) on the interval [0,¢,[ through the switching times
0<ty <--+t,.1 <t, <---satisfying forall j=1,...n—1

j—1 ;
Viteltio,t], x(t) € m0+Zsk(f(-))+/0 F(x(r))dr
k=1

At time t,,, we choose next z,, € R(z("t,)) through the reset map and we observe
that
R("t)) = (_t )+ sn(Z(- ))
:x0+z +/ )d7 + 5 ()
Either ¢,,11 = t,, and thus z(~t,) = z(t,) and
n+1

Tpsr = T(tnr1) € R(z(Tty)) = a:0+l;sk(§;’(~))—|— /0 e F(z(7))dr

or else, we take a solution to the differential inclusion 2’ € F'(x) starting at time ¢,
from xz,,

t

Vi€ [tntnils

This completes the proof. O
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Remark — Denoting by §(¢) the Dirac measure at time ¢, we may denote
symbolically the impulse differential inclusion described by (F, R) by

2'(t) € F(z(t)) + > se(Z(-))d(tn)

k>0

where tg < t;--- < --- < t, < --- denotes a sequence of “switching” times and
x("tx) € K a sequence of elements of K. This notation may be misleading since it
can convey the feeling that switching times are prescribed a priori. However, this
notation is used in [53, 54, 55, Bensoussan & Lions J.-L.].

Replacing the series of Dirac measures by Radon measures, other concepts of
impulsive differential equations, inclusions and control problems — in which controls
are measures or distributions — were introduced in [5, Ananina-Filppoval, [144, 145,
Kurzhanski|, [194, 195, Sesekin| and presented in the book [221, Zavalishchin &
Sesekin], by [65, 66, Bressan & Rampazzo|, [90, Dal Maso G. & Rampazzo|, based
on reparametrization and graph completion techniques for defining discontinuous
solutions to such impulsive control systems. A different approach was next proposed
by [174, Pereira, Silva & Vinter|, [175, Pereira & Silval, [205, 206, Silva & Vinter],
218, Vinter & Pereiral for defining a concept of “robust solution” allowing them
to provide necessary conditions for optimality. O

Remark: Constant Switching Maps — When S C X is a closed subset,
regarded as a switching set, we associate with it the reset map R defined by

VeeK, Rz) =zxz+S

We observe that R7!(y) =y —S. A run z(-) of (F, R) where R is associated with a
constant switching map S C X is defined by: for all j =1,...n—1,

) Vel o) € $0+(j—1)5+/0tF(x(7'))dT

i) = alty) € w+iS+ [ FGe(r)ir

Remark — If for some n, t,, = t, for all m > n, then the finite run stops
at time ¢, as a sequence of the discrete system z(¢,,+1) € R(t,,). If the sequence
of impulse times is finite and stop at time ¢,,, then the run ends as a solution to
the differential inclusion on the interval [t,,T] if T is finite — this happens when
limy_p_ ||z(¢)|| = 400 — or on the interval [t,,+o0o[ otherwise (the run does not
blow up in finite time).
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We can exclude the latter case by assuming that K is a repeller under F' — in
the sense that all solutions to the differential inclusion 2’ € F(z) starting from K
leave K in finite time — and the former one by assuming that K is a repeller under
R — in the sense that all sequences to the discrete inclusion z,; € R(z,) starting
from K leave K in finite time.

Linear growth conditions on F'is one of the sufficient conditions forbidding the
explosion of solutions in finite time, an assumption that we shall make throughout.

1.2 The Initialization Map

13

The behavior of a run is “summarized” by the “initialization map” U := U,
associating with each initial condition zy € K the set of new initialized conditions
x1 € R(x(7t1)) when x(-) ranges over the set of solutions to the differential inclusion
7' € F(z) viable in K until they reach R~'(K) at time ¢; > 0 at z(7t;) € R7'(K).

Indeed, the sequence of successive initial conditions z,, of a viable run z(-) of the
impulse differential inclusion (F, R) — constituting the “discrete component of the
run” — is governed by the discrete system z,, € Upp)(zn—1) N K starting at z.
The knowledge of the sequence of initialized states x,, allows us to reconstitute the
“continuous component” of the run by solving the differential inclusion 2’ € F(x)
starting at each reinitialized state z,,.

We need to introduce some definitions and notations.

We shall denote by Sp : X ~ C(0, 00, X) the solution map (or set-valued flow)
mapping an initial state = to the set Sp(z) of solutions to the differential inclusion
1’ € F(x) starting at z and by SE : K ~ C(0,00, K) the viable solution map
mapping an initial state x € K to the set SK(z) of solutions to the differential
inclusion 2’ € F(z) starting at z € K and viable in K.

We next denote by 9 (t,2) = Uz(-)esg(x){x(ﬂ} & IE(t,C) == Upec V5 (t, )
the K-viable reachable maps of x € K and C' C K respectively. We set dp := 93
when there are no viability constraints.

Definition 1.2.1 Let C € K € X. We shall set
P&t z) == CnoE(t,z)

and

Té(2) = {t=0|T¢(t ) # 0}
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We see at once that

TE(z) € W8 (2), 78 (2)] C W& (2),7E (2)]

Definition 1.2.2 Let (F, R) describe an impulsive differential inclusion. The set-
valued map T := T 5y« K~ KN RY(K) is defined by

Cler (tx) o= Thoage(t,z) = 95 (t,2) N RH(K)

of the elements ¢ of the stopping set K N R™Y(K) through which the solutions to
the differential inclusion ' € F(x) starting at = and viable in K until they reach

R™YK). We set
T@R)(x) = {t >0 such that F&R)(t,x) # 0}

We associate with the dynamics (F, R) of the impulse differential inclusion the ini-
tialization map Uippy : K ~ X

Urp(x) = U R(egt2)
tET{;’R) (z)

and we shall set U := U r) when no ambiguily arises.
First, we single out the following property:

Proposition 1.2.3 A subset K 1is viable under the impulse differential inclusion
(F, R) if and only if it is discretely viable under the initialization map Up g.

Proof — Assume that K is viable under (F, R) and prove that K is viable
under Upg). Take any zy € K. By definition, there exists a run x(-) associated
with a sequence 7 (x(-)) := {t,} of impulse times viable in K. Then the sequence

—

7 :n — x(t,) is a solution of the discrete dynamical system Up gy, obviously viable
in K.

Conversely, assume that K is viable under Uy gy and prove that K is viable
under impulse differential inclusion (F, R). Let xg given in K and a solution & :
n — &, € Upr)(2,—1) N K to the discrete dynamical system Ulp g).

By definition of the initialization map U ), one can associate with c,_; €
R~ (z,) N 9K (1,1, 2,_1) where 7, > 0 and ¢,_; = x,(7,_1) is the value at time
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Tn1 € Th1(p ik (@n-1) C Tli gy (2,) of a solution z,,(-) to the differential inclusion
x’ € F(z) starting at time ¢,,_; from z,,_y. Setting ¢,, := t,,_1+7,_1 and x(t) := z,(t)
if t € [tn_1,t,], we have checked that z(+) is a run to the impulse differential inclusion
(F, R) associated with the sequence {t,},,>0 of impulse times t,, starting from z, and
viable in K. O

In other words, knowing the initialization map U g), we can reconstruct a viable
run of the impulse differential inclusion (F, R) by

1. taking for sequence of initialized states z(t,) := z, a sequence & = {z,} of
the discrete system Ur,r),

2. a sequence of impulse times ¢, € t,,_1 + Tgfl(xn)nK("En—l)v

3. and, for every n and every t € [t,_1,t,], a solution z(-) to the differential
inclusion ' € F(z) starting from z,,_; at time ¢,,_; reaching ¢, € R~ '(z,) at
time t,, > t,_1.

Remark: Poincaré Return Map — The initialization map U gy plays in
some way the role of a return map a la Poincaré: Actually, the Poincaré return map
of a differential inclusion 2’ € F(z) is the initialization map of the special impulse
differential inclusion (F,1¢) where C' C X is a hyperplane and 1o the map defined
by

x if zeC
le(e) = { 0 it 2¢C

because in this case Uip1.)(z) = 94 (¢, 2) N C. The value Uy, (x) provides all the
points of the trajectories of the solutions z(-) to the differential inclusion 2’ € F(x)
crossing the hyperplane C'.

For defining the Poincaré first-return map, we need to use the concept of chronec-
tor defined below. O

1.3 Hybrid Differential Inclusions

“Hybrid differential inclusion”, as they are called by engineers, or “multiple-phase
dynamical economies”, as they are called by economists — may be regarded as
auxiliary impulse differential inclusions.
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Definition 1.3.1 An hybrid differential inclusion (K, F, R) is defined by
1. a finite dimensional vector space E of states e called locations,

2. a set-valued map K : E ~ X associating with any location e a (possibly empty)
subset K(e) C X

3. a set-valued map F : Graph(K) ~ X with which we associate the differential
inclusion ' (t) € F(e, x(t)),

4. a set-valued map R : Graph(K) ~ E x X

Definition 1.3.2 We shall say that a (set-valued) map t — x(t) € X discontinuous
at points tg =0 <t; <--- <t, <---14s arun of an hybrid differential inclusion if
for each impulse time t,

1. either tyy1 =ty (€(tni1), 2(tnt1)) € R(e(tn), 2(tn)) and x(tni1) € K(e(tnia)),

2. ortpyq > t,, and, for allt € [t,,t, 1], z(-) is a solution to the differential in-
clusion x'(t) € F(e(t,),z(t)) viable in K (e(t,)) and we take (e(tns1), T(tns1)) €

R(e(tn), z(tn)) and z(tni1) € K(e(tni1))-

A map z(-) is a run of the hybrid differential inclusions if and only if (e(-), z(-))
is a run of the following auxiliary system of impulse differential inclusions

i) €(t) =0
i) /() € Fle(t),z(t))
viable in Graph(K).
Indeed the locations remaining constant in the intervals [t,,t,,1] since their
velocities are equal to 0.

Example: Case of a Discrete Set of Locations We shall say a the domain
of the set-valued map K is discrete if Dom(K) := {e; }i—; is denumerable. Then

Vi=1,...,n,..., 3> 0] Ble;,&;) N (Dom(K)\{e;}) =
A set-valued map e € E'~ K(e) C X is defined on a discrete set Dom(R) if

Vee E\E, K(e) =0
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1.4 Examples

1.4.1 Discrete Dynamical Systems

One of the first questions that arises is whether we can “compare with a continuous
system” a discrete dynamical system

Vn>0, x,.1 € Pp(xy,)

where for all n > 0, &, : X ~ X. This is naturally possible by associated with such
a solution & := {z,} of this discrete dynamical system, and thus, by “regarding”
such a discrete system as an impulse differential inclusion. For that purpose, we
introduce a strictly increasing sequence 7 := {t, },>0 such that lim, ., t, = 400
“realizing a time implementation” of the above discrete dynamical system.

Next, we introduce

1. the new state space R x X and K := R, x X,
2. the dynamical system F(t,z) := (1,0),
3. the reset map

(0 if t¢7T
R(t,x) = { {tn} x Op(x) if t:=t, €T

The runs of the above impulse differential inclusion are the maps t — (¢, x(t))
associated with the (prescribed) impulse times ¢,, € 7 such that

Vn> 0, Vte [tn7tn+1[a l‘(t) =, € (I)n—l(xn—l)

In other words, x(t) is the piecewise constant function on each interval [t,,t,+1] the
values of which are governed by the discrete dynamical system.

1.4.2 Hybrid “Structural” Systems

The problem now is whether one can combine a discrete dynamical system
Vn>0, x,01 € Pu(xy,)

and a differential inclusion
y'(t) € F(t,zn,y(t))
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where F': Ry X X XY ~» Y governs the evolution of a state variable y(-) depending
upon the discrete evolution of the “causal” or “structuring” variables x,, whereas
the evolution of the state variable y(¢) does not influence the evolution of the causal
variables z,,.

As above, we introduce a strictly increasing sequence 7 := {t,},>0 such that
lim,, ., t, = +o0 “realizing a time implementation” of the above discrete dynam-
ical system.

Next, we introduce

1. the new state space R x X xY and K := R, x X,
2. the dynamical system F(t,z,y) = {1} x {0} x F(t,z,y),

3. the reset map

~ (0 if t¢7T
R(t,:c,y) = { {tn} % q)n($) X {y} if t:= t, € T

Arunt — Z(t) := (¢, 2(t), y(t)) of the above auxiliary hybrid differential inclusion
is thus defined by

z(t) = z(tn)

Vn>0,YteE [ty o], { y(t) € y(tn) + [} F(r,2(tn), y(7))dr

and
{ T(tnt1) € Pu(x(tn))
Y(tnt) = y(Ttnt)
The viability issues of structural hybrid systems involve closed subsets H C
R x X x Y, which can be regarded as graphs of either set-valued maps H : (t,z) €
R x X ~ H(t,z) C Y or of set-valued maps U : (t,y) € RxY ~ U(t,y) C X
defined by

y € H(t,z) if and only if = € U(t,y) if and only if (¢,z,y) € H

The viability property — also called the tracking property in the control literature
— requires that starting at time to = 0, at xy and yo € H(0,xo), the evolutions
n — 1z, of the discrete system and t — z(t) of the continuous system are related by

Vt € [tnytn-‘rl[a y(t) € H<t7$n)

v >0,
o { y(tn+1) € H(tn+17xn+1) where Tnt1 € (I)n(ajn)
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(the evolution of the discrete system is tracked by the one of the continuous system)
or, equivalently, by

VtE [t tura], n € UL y(t))

vV >0,
- { Tn+1 € U(tn+1ay(tn+1>> r‘W(I)n(xn)

(the evolution of the continuous system is tracked by the one of the discrete system).
See for instance Chapter 8 of [8, Aubin] for pairs of differential inclusions.

When H (or U) is surjective, the continuous system (or the discrete system) is
called an exosystem in the control literature or an abstraction (as in [171, Pappas &
Sastry| and [173, Pappas| for instance) of the other system.

1.4.3 Finite-Difference Approximations

Given a increasing sequence 7 := {t, },>0 of discrete times, we can regard the Euler
polygonal approximations of solutions

Vn>0,Vte byt z(t) € x(tn) + (t —t0)F(tn, z(tn))

of differential inclusions 2’ € F'(¢,z). Such a solution is the component z(t) of the
run (t — t,x(t),y(t)) of the hybrid differential inclusion (F, R) defined by

~

F(t,z,y) = (1,y,0)

and R
if teT, R(t,z,y) == 0
if t:=t,eT
and if (t,, % + (thsr — tn)y,y) ¢ Graph(F), R(t,z,y) == 0
if t:=t,eT
and if (t,, 2 + (the1 — tn)y, y) € Graph(F),
R(t,z,y) == (b, + (tps1 — 1)y, )

1.5 Propagation of Nervous Influx in a Neuron

This section deals with the behavior of the propagation of the nervous influx along
the ionic channels of a neuron and along a network of such biological neurons.

We postpone the problem: Why do we need to study, model or simulate the
propagation of the nervous influx ? We shall answer this question in the framework
of adaptation.
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For the time, we shall present a brief summary of what is known about this topic.
Research has been mainly conducted in two directions:

1. the theories of Louis Lapicque in 1907 (see [146, Lapicque]) and Hodgkin-
Huxley equations (see [138, Hodgkin-Huxley]) in 1958 using metaphors from
electricity,

2. formal neuron networks, that has been taken over by computer scientists for
pattern recognition and data analysis purposes (see for instance [9, Aubin]| for
more references).

Actually, we shall bypass these “classical” studies and attempt to present math-
ematical metaphors of the propagation of the nervous influx in the framework of
the very recent field of impulse differential equations and differential inclusions and
hybrid systems. Indeed, we shall regard a biological neuron as a network of ionic
channels, and thus, a network of biological neurons as a network of networks of ionic
channels.

Roughly speaking, the propagation of the nervous impulse along a neuron is
actually the propagation of ions along each side of the membrane of the neuron.
When the number of ions at the entrance of a channel is high enough, then the
channel opens and, instantaneously, the ions cross the channel (impulse), resetting
new initial conditions at the channel, from which ions propagates until they reach
the next ionic channel.

The same phenomenon happens for the propagation of the nervous influx from
one presynaptic neuron to a postsynaptic neuron through a synapse. When the
number of neurotransmitters at the presynaptic neuron is high enough, they are
instantaneously released in the synapse, that they cross until they reach the receptors
of the postsynaptic neuron. Then the postsynaptic neuron is depolarized, triggering
the propagation of ions along it.

Actually, this falls in an even basic problem, that we shall call molecular semi-

ology.

1.5.1 Biological Semiology

We start from the fact that an organism must adapt itself to environment con-
straints, by perceiving it and recognizing it through “metaphors” with “conceptual
controls”.

Even if we assume that the basic principle is simple (biological communication),
its organization became more and more complex in the course of evolution. Indeed,
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the improvement consists in adding new structures to old ones, without always
destroying them.

The understanding and mastering of the basic structures may someday allow a
possible computer translation by economizing the useless part of complexity which
results from (non teleological) biological evolution, retaining only what was relevant
to allow adaptation.

This problem of adaptation is not taken into account explicitly in most studies
of neural networks.

This chemical communication process, by sending macromolecule from an emitter
cell to a receptor cell, the emission and the reception of such a molecule modifying
the chemical properties of these cells, could constitute a relevant framework to many
biological phenomena at several levels.

At the basic level, we face a biological molecular semiology where messages are
sent

1. from proteins to proteins

2. from nucleic acids (DNA and RNA) to proteins

3. from proteins to nucleic acids (DNA and RNA) in order to activate some sites
of the DNA

We shall deal here only with the communications between proteins, leaving aside
the other two modes of communication involved in the genetic and epigenetic com-
ponents of the molecualr semiologic system.

One can consider “adaptive systems” as systems formed of receptors (of the
environment), effectors (on the environment) and intermediate (or processing ) cells.
Their behavior consists in acting at each instant to turn an unfavorable state of the
environment into a more favorable one.

The perception of the environment by the emitters provokes the transmission of
molecular messages towards the cells of the system.

These messages go from one cell to the others, the reception by an intermediate
cell inducing the emission of another message.

The action starts after the reception of the message by the effectors. It modifies
the state of the environment which is again perceived by the system and leads to a
new action by the system.

At this level, the endocrine system and the nervous system may be distinguished
by the mode of transport of the chemical messenger. This transport is slow and non-
specific in the case of the endocrine system : hormones are carried by the blood;
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it is fast and specific in the case of the nervous system : neurotransmitters have
to cross a synapse (the place where the axon of a “presynaptic” neuron meets the
dendrite of a “postsynaptic” one), which is only 0.02x wide. When the pulse-coded
information sent by the presynaptic neuron reaches a certain threshold value, it
releases neurotransmitters in the synapse, inducing an electrical response on the
postsynaptic membrane after about 102 seconds.

1.5.2 The Hodgkin-Huxley Equations

Since it is assumed that the membrane capacity per unit area is constant in most
cases, we shall take it equal to 1 in the sequel. The state variable denoted by z=
denotes the displacement of the membrane potential from its resting value (negative
displacement describes depolarization). The Hodgkin-Huxley equation states that
the total membrane current is the sum of an ionic current f(¢) and of a capacity
current C' Z—f. The summation means that these two currents are in parallel.

The ionic current is further split as the sum of currents gx(z — &) where the
coefficients gy are ionic conductances measuring the permeability of the membrane
at ionic channels £ and where the & are the equilibrium potentials for the ions
(sodium and potassium).

The propagation of the nervous influx along the axon of a neuron obeys Hodgkin-
Huxley equation of the form

K

Zf = 3 gulalt). u®)(a(t) — &) + £()

k
the indices k£ denote the ionic channels, the uy the proportion of molecules circulating

in the kth channel, and x — & the difference of potential at the kth channel.
Usually, the evolutions of the u; obey equations of the form

duk
dt
where the functions o, and f; are transfer rates in the two opposite directions of
the ionic channel and the u; the proportion of molecules inside the axon.
We quote from [138, Hodgkin & Huxley]: Our experiments suggest that the
ionic conductances are functions of time and membrane potential ... The influence
of membrane potential can be summarized by stating

= op(2)(1 — up) — Br(z)us

e first, that depolarization causes a transient increase in sodium conductance
and a slower but maintained increase in potassium conductance;
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e secondly, that these changes are graded and that they can be reversed by
repolarizing the membrane.

1.5.3 Neurons as Networks of Channels

It has been observed that when z(t) reaches a threshold z(~¢;) = y at impulse time
t1, then both the membrane potential and the ionic conductances are reset instanta-
neously at new values and the neuron triggers the release of some neurotransmitters.

Instead of designing a continuous model showing continuous impulses, we suggest
to design the discrete resetting laws to be coupled with the continuous law governing
the evolution of the membrane potential.

This leads us to consider a neuron as a network of ionic channels £ on the mem-
brane of a neuron. We denote by a; the number of molecules inside the neuron at
channel k, by by the number of molecules outside the neuron and zy, := @y (ax, by) the
“difference of potential” at the kth channel of the neuron (for instance ¢y (ag, by) =
Qp — bk>

The channel is open if x; > ¥y, and closed otherwise, where vy, is a threshold. In
this case, the molecules travel instantaneously across the channel according to the
discrete rule

(ar(t),b(t)) == pr(ar("t),br("t))
Otherwise, the propagation of molecules at each side of the membrane is de-
scribed by

i) ap(t) = Tyuat)
N g . (1.3)
i) bp(t) = X, ubi(t)

Therefore, starting with an initial condition, a “run” z(t) := (xx(t))x evolves accord-
ing to the system of differential equations (1.3). It is associated with a sequence of
impulse times tg =0 <t; <--- <t, <---at which the potential is reset according

to the rule

Vk, (ar(tn),bi(tn)) == prelar("ta), be("tn))
whenever for an index k, zx("t,) = yx.

Observe that, at impulse time ¢,, only the channels k& € O((ax("t,), bx("tn)))
such that @p(ar(~t,),bx("t,)) = yr are open at time t,, whereas the molecules
(ax(t), bg(t)) continue to evolve continuously across time t,.

Hence, given

1. the depolarizing constraints z; = ¥y, indicating the threshold when the molecules
cross the ionic channel k
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2. the continuous evolution law of propagation of molecules inside and outside
the neuron

3. the discrete reset law giving the new state of molecules crossing each channel
at the impulse time when the threshold is reached

we obtain an impulse control system.

Now, we identify presynaptic and postsynaptic synapses as special channels re-
ceiving and emitting molecules respectively: Denoting by E and .S the sets of presy-
naptic and postsynaptic synapses, given an initial state of neurotransmitters at the
presynaptic synapses at initial time 0, one can determine the values of the “runs”

(ak’(t)> bk (t))kES - ﬂ(tv (ajov bjo )jEE)

at the postsynaptic synapses determined by the impulse control system
VjEFE, (aj(o)abj(o)) = (ajoﬁb]b)

at the synapses of the presynaptic neurons.
We associate with any ¢ the set Og(t, (a;,, bj,)jer) of postsynaptic synapses k € S
such that

or(ar(t), br(t)) = zr(t) = Ui

which release neurotransmitters at time .
In summary, the map Og(t,-) maps the initial presynaptic activity (aj,,bj,) er
to the postsynaptic activity

(ar(t), bi(t))res = Os(t, (ajy,bj)jcr)

at each instant ¢, describing which are the neurons firing at this instant, if any.

These evolutionary systems are particular instances of “threshold systems” that
we next define.
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Chapter 2

The Basic Theory

2.1 Characterization of Impulse Viability

Definition 2.1.1 We shall say that a subset K 1is viable under an impulse differ-
ential inclusion (F, R) if from any initial state x of K starts at least one run viable
n K.

We shall say that a subset K is invariant under an impulse differential inclusion
(F, R) if from any initial state x of K, all runs starting from x are viable in K.

2.1.1 Impulse Viability

Let us consider the dynamics (F, R) of an impulse differential inclusion and a closed
subset K C X.

1. From any initial state xy € Viabp(K) starts at least a solution to the differen-
tial inclusion ' € F(x) viable in K, and thus, a “continuous time-dependent”
run,

2. From any initial state 2o € Viab}y (K) starts at least a solution to the discrete
system x,41 € R(z,) viable in K for N iterations,

so that what remains to study for really hybrid runs is what happens when the
initial state ranges over K\ (Viabp(K) U Viaby(K)) = K\(Viabp(K)U R™Y(K)):

We may regard the 1-discrete viability kernel Viaby(K) = K N R7'(K) as the
target of the impulse differential inclusion.

33
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Theorem 2.1.2 Let (F,R) be an impulse differential inclusion and K C X be a
closed subset. Assume that F' is Marchaud and that R is upper semicontinuous with
compact images*. Then the following statements are equivalent

1. K is viable under (F, R),
2. K\R7Y(K) is locally viable under F,
3. K, F and R are linked through the tangential condition
Vre K\RYK), F(z)NTkg(z)#0
or, equivalently, in dual form, through the normal condition

Voe K\R'(K), Vpe Nk(z), o(F(z),—p) > 0
Proof — By the Viability Theorem, the two latter conditions are equivalent. It
remains to prove that K is viable under (F, R) if and only if K\R™'(K) is locally
viable under F'. This is what we shall prove next,
Indeed, if K is viable under (F, R), then from any z, € K\R™'(K) starts at
least a solution to the differential inclusion 2’ € F(x) viable in K

1. either forever if zq belongs to the viability kernel Viabg(K) of K
2. or until it reaches at some time ¢; > 0 a state z(7¢;) in C' := K N R™!(K).

This shows that K\R™!(K) is locally viable.

Conversely, let us assume that K\R™}(K) is locally viable and take an initial
state zg € K\R™(K).

If zy belongs to Viabp(K), then at least one solution starting from x, is viable
in K, and thus, defines a run viable in K.

If 2y does not belong to Viabp(K), all solutions leave K in finite time before
(possibly) reaching the viability kernel. It is then enough to prove that at least one of
them reaches R™1(K) before leaving K. This is the case of a solution z*(-) € Sp(z)
which maximizes 7 (z(-)), i.e., which satisfies

H(x) = sup h(a() = TE(2H(2))
z(-)ESF ()

!This assumption implies that R~!(K) is closed, which is the property we really need. It
remains true when we assume only that the subsets K N (R(x)+ B) are compact, where B denotes
the unit ball.
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leaves K\ (Viabr(K) U R7'(K)) through R™!(K). This solution exists by Propo-
sition 6.1.24 since K is closed and F is Marchaud. Next, we claim that zf :=
2} (rE (x)) € K\Viabp(K). Otherwise, if #¢ would belong to the viability kernel, it
could be concatenated with a solution viable in K for ever, so that the initial state
xo would belong the viability kernel, which is not the case.

Furthermore, 2* belongs to R~*(K). If not, * would belong to K\ R~*(K) which
is assumed to be locally viable. Then one could associate with z* € K\ (Viabp(K)U
R7Y(K)) a solution y(-) € Sp(2*) and T > 0 such that y(r) € K\(Viabg(K) U
R™YK)) for all 7 € [0, T]. Concatenating this solution to z*(-), we obtain a solution
viable in K on an interval [0, 75" (x) + T, which contradicts the definition of 2#(-).

Therefore z! belongs to K N R(K) = ViabL(K) so that there exists 2} €
KNR(z"). If 2% belongs to Viabg(K), then at least a solution to the discrete system
ZTn+1 € R(x,) remains viable in K forever. If it belongs to some Egressp(K) =
Viabh (K)\ Viaby ™ (K), at least a solution to the discrete system z,,1 € R(x,)
remains viable in K for N iterations and xx 1, ¢ R™'(K). Either #% , € Viabp(K),
then a solution to the differential inclusion 2/ € F(z) starts from 2} at time 7£° ()
and remains in K forever. Or it belongs to some K\(Viabp(K) U R™}(K)), and
from x4 starts at least a solution to the differential inclusion 2’ € F(x) viable in
K until it reaches R™'(K). O

Remark: Other Equivalent Formulations of Viability — The charac-
terizations of the above Theorem 2.1.2 are also equivalent to state that the the
(continuous) egress set of K under F' and the (discrete) egress set K\R™*(K) of K
under F' are disjoint:

K\R'(K) N Egressp(K) = ()

or, equivalently,
Egressp(K) € R'(K)

Since the egress set of K under F' is not easily characterized and does not enjoy nice
topological properties, these characterizations are less useful than the ones provided
by Theorem 2.1.2 which involve tangential or normal conditions. O

2.1.2 The Stability Theorem

Proposition 2.1.3 If
Viab(K) N R(K) = () (2.1)
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then the cadences T, of a run x(-) starting from K\Viab(K) and viable in K are
finite.

If we assume furthermore that R(K) N K is compact and that F is Marchaud,
then there exist a finite scalar T < +oo such that the cadences T, of any run x(-)
starting from K\R™'(K) and viable in K belong to the interval [0, T].

Proof — Let us consider a run z(-) associated with sequences {7,}, of ca-
dences, {x,}, € K of reinitialized conditions and {x,(-)}, € S(x,) of motives
viable in K on the intervals [0, 7,41[. Since any reinitialized state x, belongs to
KNR(K), and thus, disjoint from Viab(K), all solutions y(-) € S(x,,) starting from
x,, leave K in finite time. Therefore, since the run z(-) is viable in K, each motive
7,(-) € S(z,) reaches K N R7!(K) in finite time 7,, before leaving K.

Now, if we assume that F' is Marchaud, we introduce

T := sup 7k(2)

reKNR(K)

By Theorem 6.1.24, the subset K N R(K) being compact, the exit function being
finite and upper semicontinuous, we infer that 7" is finite. O

Remark — Naturally, one cannot exclude that all cadences 7, are equal to 0
for n > N or that they congerge to 0. One can exclude the first case by assuming
that K is a discrete repeller under R and the second one by using Theorem 2.2.1 or
2.2.2, for instance. O

[(0,00;X) := [®4

Therefore, a run z(-) € R(s,r)(70) can be regarded as a sequence

(1) = {(Tns T, Tn(-)) Inso € Z(0,00; X) = [Ry x X x C(0, 00; XN

of initial states x, € X, of cadences 7,, and of motives x,(-) satisfying, for every
n >0,

{z) (Tn,xn(-)) € Graph(S)
1) (xn(7), Tns1) € Graph(R)

and z(0) = xo.

Theorem 2.1.4 Let us assume that the subset K is closed, that F is Marchaud,
that R is upper semicontinuous, that R(K) is compact and that (2.1):

Viab(K) N R(K) = 0

holds true. Then the solution map R{;R) is upper semicompact on K\Viab(K).
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Proof — Let us consider a sequence of initial states zf € K\Viab(K) con-
verging to xo € K'\Viab(K) and a sequence of runs
2°() = {(a5, 7, 25) o € Ris.p)(25)
viable in K.

We can identify the graph G of the solution map Rf} ) to a subset
G C K x (K x Ry x Graph(S))N

We supply it with the product topology. Under our assumptions, for any compact
subset L of K, Theorem 6.1.6 implies that the graph of S| is compact. Hence the
graph Gr, of the restriction R{% R) |z to L of the solution map R{%’ R satisfies

Gr C L x([0,5] x Graph(S|r))™

which is a product of compacts. By the Tychonof Theorem, it itself a compact
subset.
Therefore, a subsequence (again denoted by) {(75, 25,25 (+)) }n>0 converges to

some sequence {(7y, Tn, Tn(-)) }n>0. This means that for every n > 0, 75 converges
to 7, € [0, 5] and (25, 25(-)) € Graph((S)) to some (z,,x,(-)) € Graph((S)) Conse-
quently, the sequences x5 (75) converge z,(7,) and thus, since the graph of the reset
map R is closed, inclusions

Vn>0, (5, 25(r%) € Graph(R)

n

imply that
Vn>0, (zp1,20(1)) € Graph(R)

Therefore, the sequence {(zn, 7, T, (+)) }n>o defines a run z(-) of the impulse differ-
ential inclusion (F, R) viable in K. O

2.1.3 Hybrid Viability

Let us consider a hybrid differential inclusion (K, F, R) (see Definition 1.3.1).
We first observe that

Viabyoyxp(Graph(K)) = Graph(e ~ Viabp . (K(e)))

and that the graph of K is a repeller if and only if for every e, the set K(e) is a
repeller under F'(e,-).
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On the other hand, we introduce the decreasing sequence of set-valued maps
Ky : F~ X defined by Ky = K and

V N > 1, Graph(Ky) := Viaby (Graph(K))

We observe that whenever R(e,z) := Rg(e) x Rx(z), the maps Ky can be
defined recursively through the formulas

Ve€ E, Kyyi(e) = Ky(e) N Ry (Kn(Rg(e))

We begin by providing necessary and condition for the existence of solutions to
discrete hybrid differential inclusions:

Theorem 2.1.5 Assume that the domain Dom(K) := {e;}iz1,.» is a discrete set.
Hence the discrete hybrid differential inclusion (F, R) has a solution for every initial
state if and only if

Vi= ]-7' - N, Ve K(€i>\K1(ei)’ F(@Z‘,l') m1—‘1(((3%)(‘%‘) 7£ @

For nondiscrete hybrid differential inclusions, we need the definition of the con-
tingent derivative DK (e,z) : E ~ X of a set-valued map K : E ~ X at a point
(e,z) of its graph: It can be defined by

Graph(DK (e, x)) := TGraph(K)(evx)

In the case of hybrid differential inclusions, we can apply Theorem 2.1.2 for
characterizing the existence of solutions of hybrid differential inclusions:

Theorem 2.1.6 Let (K, F,R) be a hybrid differential inclusion. Assume that F
1s Marchaud and that R is upper semicontinuous with compact images. Then the
hybrid differential inclusion has a solution for every initial state if and only if

Vee E,VNz e K(e)\Ki(e), F(e,z) N DK(e,z)(0) # 0

It remains to prove Theorem 2.1.5:
Proof of Theorem 2.1.5 —  Since the domain Dom(K) := {e;}i=1, . .. is a
discrete set, then

Vi=1,...,n,..., 3& > 0] B(e;, &) N (Dom(K)\{e;}) = 0
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Therefore, one observes readily that
Vi=1,...,n,..., Vo€ K(e;), DK(e;,x)(0) = Tkep()

so that the hybrid differential inclusion has a solution for every initial state if and
only if

Vi=1,...,n,..., Vo € K(e,)\Ki(e;), Fle;, ) NTke,)(z) # 0

2.1.4 Characterization of Viable Qualitative Systems

Hence, we can apply Theorem 2.1.2 for characterizing the existence of solutions of
qualitative systems:

Theorem 2.1.7 Let (K, f,Q, R) be a qualitative system. Assume that f is contin-
uwous with linear growth and that the graphs of the qualitative map Q) : Z ~ X and
the reset map R : Z ~ Z are closed. Then the qualitative system has a solution for
every initial state if and only if

VueDom(Q),Vz e Qu)\QR(u)), flr,u)e DQ(x,u)0)

When the domain Dom(Q) := {u;}iz1, n.. of Q is discrete, the above necessary
and sufficient condition can be written

Vi=1,...,n,..., Vo € Qu)\QR(w)), f(z,u;) € Tou,)(z)

2.1.5 Characterization of Viability in terms of Capture Basins

We now characterize the viability of a closed subset under an impulse differential
inclusion in terms of capture basins:

Proposition 2.1.8 Assume that F : X ~ X is Marchaud and that K is a closed
repeller. Then K is viable under the impulse differential inclusion (F, R) if and only
of
K = Captf (RTY(K)NK) = Capth(Viaby(K))
Proof — Assume that K is viable under (F, R). Then, for any zo € K, either

zo belongs to R™!(K) and we take z; € R(zo) N K as the next initial state, or from
xo starts one solution x(-) to the differential inclusion ' € F(x) viable in K on
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some interval [0, ¢[ such that R(xz(7t)) N K # (. This means that z(7t) belongs to
R (K)N K so that ¢ belongs to Captf (R™'(K) N K). Hence

K C Captf (R"YK)NK)

Conversely, if the above property holds true, from any xq € K starts a solution to
the differential inclusion 2’ € F(z) reaching R™!(K) N K at some finite time T > 0
at some z(~T) € R}(K) N K before leaving K. This implies that R(z(T)) N K
is not empty. On the other hand, the values x(7) belong to Capt® (R™'(K) N K)
when 7 € [0, 7], and thus, to K. O

We observe that whenever K is backward invariant, then the capture basin
Captp(R™1(K) N K) of R7Y(K) N K is contained in K and the capture basin of
R7Y(K)N K is the smallest backward invariant subset containing K. Therefore, in
this case,

Capth(C) = Captp(C) := Capty(C)
so that K is viable under (F, R) if and only if
K = Captp(RYK)NK)

We deduce the following consequence: Assume that F' : X ~» X is Marchaud
and Lipschitz and that K is a closed repeller which is backward invariant under F'.
Then K is viable under the impulse differential inclusion (F, R) if and only if

{z) Vaoe K\RNK), F(z)NTg(z) # 0
it) Vee K, F(r) C —Tk(x)

or, in a dual formulation,

{ i) Vze K\RYK),Vpe Ng(z), o(F(z),—p) = 0
it) Yexe K, Vpée Nkg(x), o(F(z),—p) <0

2.2 Non Zeno Impulse Differential Inclusions

In order to avoid runs which are always solutions to the differential inclusion x’ €
F(x), we have to assume that Viabp(K) = 0, i.e., that K is a repeller under F'.
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In order to avoid more than one iteration of the resetting process, we have to
assume that Viaby(K) = (.

If both these conditions are satisfied, then the sequence of impulse times is strictly
increasing.

We shall prove that when the closed subset is compact and the 2-discrete viability
kernel Viab%(K) is empty, every run of the impulse differential inclusion is a non
Zeno run: the sequence of impulse times is (strictly) increasing and goes to infinity:

Theorem 2.2.1 Let (F,R) be an impulse differential inclusion where F is Mar-
chaud and that R is upper semicontinuous with compact images and K be a closed
subset viable under (F, R). Assume further that K, is compact and that the 2-discrete
viability kernel Viaby(K) is empty, every run of the impulse differential inclusion
— which exists thanks to Theorem 2.1.2 — is a strict non Zeno run.

Proof —  Since Viabh(K) is empty, then Viabyp(K) = Egressk(K), so that for
every © € Viabp(K), R(x) N Viabs(K) is empty. Since R is assumed to be upper
semicontinuous with compact images and since K is compact, we infer that

R(Viaby(K)) N Viabyp(K) = 0

Let us set K, := Viaby(K) and denote by wf}bl the hitting function of Kj.
Since F' is Marchaud, Proposition 6.1.24 implies that it is lower semicontinuous.
It is strictly positive on Fy := FEgressp(K) = K\R'(K)(x). Since R is up-
per semicontinuous with compact images, the “Maximum Theorem” implies that
() == infycp() wf;bl (y) is lower semicontinuous, and strictly positive on K. Since
K is compact, then 7 := mingc g, @(z) > 0.

Now, if z(-) is a run of the impulse differential inclusion (F, R), the sequence
of initialized values x(t,) € R(xz("t,)) belongs to R(Ky), so that x(~¢,41) reaches
K, := KNR'(K) at time t,, larger than or equal to t,,+7. Therefore, the strictly
increasing sequence of impulse times ¢, cannot converge in finite time. O

More generally, is we assume only that K is a discrete repeller under R, the
sequence of impulse times of every run is non increasing and cannot converge in
finite time (such a run can be called a exhaustive or a non Zeno run):

Theorem 2.2.2 Let (F,R) be an impulse differential inclusion where F is Mar-
chaud and R be upper semicontinuous with compact images and K be a closed subset
viable under (F, R). Assume further that K is a discrete repeller under R and that
Ky is compact. Then every run of the impulse differential inclusion — which exists
thanks to Theorem 2.1.2 — is a non Zeno run.
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2.3 Characterization of the Substratum and the

Initialization Map

2.3.1 Characterization of the Substratum
We begin by characterizing the graph of the substratum Fffp’ R)

Theorem 2.3.1 Let us assume that F is Marchaud, that C' C R is closed and that
the graph of R : C' ~ X 1is closed.
Then the substratum F{;R) : K ~ K 1is the unique set-valued map with closed
graph satisfying
VzekK, F{;’R)(O,x) = R(x)NK

and, for any T > 0

1. foranyy € F{%R) (T, x), there exists a solution x(-) to the differential inclusion
x' € F(x) viable in K on [0,T] such that

Vie [OvT]v y e F{;‘,R)(T - t,l’(t))
2. for anyy € K\F{%R) (T, z), for every solution z(-) to the differential inclusion
x' € F(z) viable in K on [0,T], then
Vie [OvT]v ye K\F{;,R)(T —t, I(t))
As a consequence, for any T > 0 and for any y € 8KF{%7R) (T, x), for every solution
x(+) to the differential inclusion ' € F(x) viable in K on [0,T], then
Vtel[0,T], yedxl{pp(T —t ()

For proving Theorem 2.3.1, we shall first observe that the graph of the substra-
tum of (K, F, R) is a viable-capture basin and next, deduce the above results from

the characterization of viable-capture basins. Let us recall that we denoted by R;g
the graphical restriction of R to K x K defined by

K, v | Rlx)ynK if zeK
Fix (@) "{@ it v¢K

the graph of which is equal to
Graph(R[;;) = Graph(R) N (K x K)
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Lemma 2.3.2 The graph of the substratum F@,R) of (K, F, R) is the viable-capture
basin of {0} x Graph(R{[Ig) under the set-valued map {—1} x F x {0}:
Graph(Ff}vR)) = Capt?jﬁfgf{o} ({0} X Graph(R}ﬁ))
and ¥V x € C, T{pp(0,2) = R(z) N K.
Proof — Indeed, to say (7, x,y) belongs to the viable-capture basin
K
Capt(t koo ({0} x Graph(R[x))
means that there exists a solution z(-) € Sp(z) and ¢ € [0, T such that
i) Vte0,7, (T—ta(t),y) € Captyjhro, ({0} x Graph(R|y)
i) (T —1%y,z(f)) € {0} x Graph(R[;)
i.e., if and only if £ =T and
i) Vtel0,T[, z(t) € K
it) y € Ra(T)NK

This is equivalent to say that y € T'(j, 5 (T, ) N K.
Consequently, to say that y belongs to F&R)(O, x) means that y € R(z)NK. O

Proof of Theorem 2.3.1 — We observe first that the map {—1} x F' x {0} :
R x X x X~ R x X x X is Marchaud and that R, x K x K is a repeller under
this map since any solution (7" — ¢, x(t),y) starting at (T, z,y) leaves Ry x K x K
at time T'. Theorem 6.3.10 states that the viable-capture basin

Ry xKxK K
Graph(F&R)) = Capt{flixffx{o} ({O} X Graph(R{K))
is the unique closed subset V C R x K x K containing {0} X Graph(ng) satisfying

1. V\({0} x Graph(Rfﬁ)) is locally viable under {—1} x F' x {0}

2. and
RixKxK

Capt "y pxioy (V) =V
This states that whenever (T, z,y) € (Ry x K x K)\V, all solutions to the
differential inclusion (¢, 2, y’) € {—1} x F(x) x {0} leave (R x K x K) before
possibly reaching the target {0} x Graph(R{IIg).
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The first statement means that whenever (T, x,y) belongs to V, there exists a
solution z(-) to the differential inclusion 2’ € F(x) such that (7" — ¢, z(t),y) belongs

to V until it reaches {0} x Graph(R}ﬁ). This is equivalent to saying that
Vie [OvT]7 y e F{;‘,R)(T —t, l’(t))

The second statement means that whenever (T, z,y) does not belong to V, all
solutions xz(-) to the differential inclusion 2’ € F(x) are such that (T' — ¢, z(t),y)
do not belong to V whenever (T' —t,z(t),y) € Ry x K x K, i.e., whenever z(-) is
viable in K on the interval [0,7]. This is equivalent to saying that for all solutions
to 2’ € F(x) viable in K on the interval [0, 77,

Let us consider now y € 8Ff§7 R) (T, z) where T" > 0. This means that there
exists a sequence y, € K such that y, € K \Ff} r)(T;x) converges to y. Hence

(T, x,y,) does not belong to the capture basin of {0} x Graph(Rl‘g) viable in R X

K x K. Therefore we know that for any solution z(-) € S(z) viable in K on
0,77, for any t € [0,T], y, € K\F{%R)(T — t,z(t)) and, in particular, that y, €
K\I‘{;R)(O,x(T)) = R(z(T)). Taking any solution z(-) € S(x) satisfying (??) and
the limit when n — +o00, we infer that

Vte [OaTL yE aKF{;,R)(T - tax(t))

and that
y € O R(z(T))

2.3.2 Characterization of the Initialization Map

We proceed in the same way for characterizing the graph of the initialization map
UK o
(F.R)

Theorem 2.3.3 Let us assume that F is Marchaud, that C C R is closed and that
the graph of R is closed and that Viabp(K) C R™Y(K).

Then the initialization map U@ R) K ~ K s the unique set-valued map with
closed graph satisfying

Vazed, U{;R)(x) = R(x)NK
and, for any x € K\C,
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1. for any y € Ufi gy (2), there exist T > 0 and a solution x(-) to the differential
inclusion o' € F(z) viable in K on [0,T] such that

Vite [OaT]a y e U(I}(?’,R)(x(t))

2. for any y € K\U{;R) (x), for every solution x(-) to the differential inclusion
x’ € F(x) viable in K on [0,T], then

Vtel0,T], ye K\Ufgl(x(t))

As a consequence, for any T > 0 and for any y € 8KU(I§7R) (x), for every solution
x(+) to the differential inclusion ' € F(x) viable in K on [0,T], then

Vi 0. y e Ul ((r)

We shall first observe that the graph of the initialization map of (K, F,R) is a
viable-capture basin and next, deduce the above results from the characterization
of viable-capture basins.

Lemma 2.3.4 The graph of the initialization map U(II%R) of (K, F, R) is the viable-
capture basin of Graph(R"IIg) under the set-valued map F x {0}:

Graph(U(I;R)) = Captﬁfxx{[é} (Graph(R!ﬁ))
and ¥V x € C, U{;R)(x) =R(x)NK.
Proof — Indeed, to say (z,y) belongs to the viable-capture basin
Captifxx{]é} <Graph(R}§))
means that there exist 7' > 0 and a solution z(-) € Sp(x) and ¢ € [0, 7] such that

{ i) Vtel[0,T], (x(t),y) € Captp s, (Graph(R|x)
ii) (y,2(T)) € Graph(Rj)

i.e., if and only if
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This is equivalent to say that y € Ul p(z) N K. O

Proof of Theorem 2.3.3 — We observe first that the map F x {0} : X x X ~»
R x X x X is Marchaud.
Theorem 6.3.13 states that the viable-capture basin

Graph(U(l;’R)) = Captfxx{[g} (Graph(R‘lg))
is the unique closed subset V C K x K containing {0} x Graph(R!ﬁ) satisfying

1. V\({0} x Graph(ng)) is locally viable under F' x {0}

2. and
Capty <o, (V) = V
This states that whenever (z,y) € (K x K)\V, all solutions to the differential
inclusion (2',y") € F(x) x {0} leave (K x K) before possibly reaching the
target Graph(R‘lg).
The first statement means that whenever (x,y) belongs to V, there exist 7" and

a solution x(-) to the differential inclusion ' € F(x) such that (x(t),y) belongs to
Y until it reaches Graph(R}ﬁ). This is equivalent to saying that

Vi), ye Ufn(et)

The second statement means that whenever (z,y) does not belong to V, all
solutions z(-) to the differential inclusion ' € F(z) are such that (z(¢),y) do not
belong to V whenever (z(t),y) € K x K, i.e., whenever z(-) is viable in K on the
interval [0, 7]. This is equivalent to saying that for all solutions to 2’ € F'(x) viable
in K on the interval [0, 77,

Vie[0,T], ye K\Ulg/(x(t))

Let us consider now y € 0U(11§’ R)(x). This means that there exists a sequence
yn € K such that y, € K\U{f;yR) (). Hence (z,y,) does not belong to the capture
basin of Graph(Rig) viable in K x K. Therefore we know that for any solution
x(-) € Sp(x) viable in K on [0,7T], for any t € [0,T], y, € K\U{;R)(x(t)) and, in
particular, that y, € K\U[ p(x(T)) = R(x(T)). Taking the limit when n — +o0,
we infer that

Vtel[0,T], yedxUlp(x(t))
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2.4 Hamilton-Jacobi Charaterization of the Sub-
stratum

Before stating the general result characterizing the substratum as a solution to a
system of first-order partial differential inclusions, let us consider the case when the
impulse differential inclusion is actually an impulse differential equation (f,r) where
f X — X is Lipschitz, r : X — X is single-valued and continuous, that K is viable
under (f,7) and C' := KN R™'(K) crossable by f. In this case, Fém) is single-valued
and Lipschitz from K to K.

We shall deduce from Theorem 2.4.3 below the following

Proposition 2.4.1 Let us assume that f : X — X s Lipschitz, r : X — X is
single-valued and continuous, that C' is crossable by f, that K is viable under (f,r)
and F(I%T) 18 differentiable. Then it is the unique solution to the system of first-order
partial differential equations
Ou;(t " Ouy,(t,
Vae K\ V=1, 0 -2 O )
T

i=1
or, in a more compact form,

~Ou(t, ) N ou(t, )
ot Oz

Ve K\C,

satisfying the condition
Veel, u0,z) = r(x)

Actually, thanks to the concepts of contingent derivative, we shall show that the
substratum I'(}. ) is the unique (set-valued) solution in the “Frankowska sense” to
the “Hamilton-Jacobi inclusion”

OV(ta) | OV(ta)

0 € ot ox

- F(x) (2.2)
satisfying the condition
Veel, V(0,z) = Rx)NK

For that purpose, we recall that the (graphical contingent) derivative of a set-
valued map V : R, x K ~ K may be defined by the relation

Graph(DV(T, xz, y)) = TGraph(v) (T, xz, y)
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Definition 2.4.2 We shall say that a set-valued map V : Ry X K ~ K is a
Frankowska solution to the Hamilton-Jacobi system of first-order partial differential
inclusions (2.2) satisfying the initial condition V(0,z) = R(x) if its graph is closed,

if
Vit>0,VyeV(t,x), Jv e F(z) such that 0 € DV (t,z,y)(—1,0v)

and if for every v € F(x)
Vt>0,VyeV(t,x), 0€ DV(t,z,y)(1,—v)

or
’l) -V € Tx\K(Q?) if x €K
i) —veTk(x) if ye oK

Theorem 2.4.3 Let us assume that F is Marchaud, that C := KNR™(K) is closed
and that the graph of R : C' ~ K 1is closed.

1. The substratum F{%’R) : K ~ K 1s the largest set-valued map V : Ry X K ~
K with closed graph contained in K x K satisfying

Vt>0,yeV(tx), Jve F(z) suchthat 0 € DV(t,z,y)(—1,v)
and the condition V(0,z) = R(z) N K,

2. If furthermore, F is assumed to be Lipschitz, the substratum F@R) K~ K
s the unique Frankowska solution V' : Ry X K ~ K to the Hamilton-Jacobi
system of first-order differential inclusions (2.2) satisfying the initial condition

V(0,z) = R(x).

Proof — When F' is Marchaud, to say that Graph(V)\({0} x Graph <R‘|§)>
is locally viable under {—1} x F' x {0} means that

¥ (t,z,y) € Graph(V)\({0} xGraph (R[x)) {=1}xF(2) {0} TGpapha (b2, y) # 0

We observe that (¢,z,y) € Graph(V)\({0} x Graph(Rig)) whenever ¢t > 0 and we
recall that

TGraph(v) (t,z,y) = Graph(DV(t,z,y))

so that the above condition reads

Vt>0,Vye F{%}R)(t,a:), Jdv e F(x) suchthat 0 € DV (t,z,y)(—1,v)
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When F'is assumed to be Lipschitz, to say that
Capty % pu oy (Graph(V)) = Graph(V)
means that
1. for any (t,z,y) € Graph(V)) NInt(Ry x K x K),
({1} x —=F(x) x {0}) C TGraph(V)(t,x,y) = Graph(DV(t,z,y))
This is equivalent to say that for every v € F(x),
V>0, z€nt(K), ye V(t,z) NInt(K), 0 € DV(t,z,y)(1,—v) (2.3)
2. and otherwise, for any (¢,z,y) € Graph(V)) N9(R; x K x K),
({1} x =F(x) x {0}) € Tqraph)t 2 ¥) U Tmsx s @y xiox) (6 2, y)

This means that for every v € F(x),

i) 0 € DV(t,z,y)(1,—v)ift =0,y € R(z)
ii) 0 € D(t,z,y)(1,—v)or —v e Tx\kift>0,2 € 0K, y € R(z)
iii) 0 € D(t,z,y)(1,—v)or —v e Tk ift >0, y € R(x) NOK

Indeed,
(RXX XX\ (R xKAxK)=(R_XKxK)UR;x(X\K)xK)UR,xKx(X\K))

Therefore, condition (1, —v,0) belongs to the contingent cone to R_ x K x K
at (0,x,y) is impossible, condition (1, —v,0) belongs to the contingent cone to
R_ x (X\K) x K at (t,z,y) when € 0K means that —v belongs to T'x\ k()
and condition (1, —wv,0) belongs to the contingent cone to R_ x K x (X\K)
at (t,z,y) when y € 0K means that —v belongs to Tk (z). O

For the initialization map, we obtain the following Hamilton-Jacobi inclusion :

Theorem 2.4.4 Let us assume that F is Marchaud, that C :== KNR™(K) is closed
and that the graph of R : C ~ K 1is closed.

1. The wnitialization map U(II(T’R) : K ~ K s the largest set-valued map V :
R, x K ~ K with closed graph contained in K x K satisfying

VyeV(x), Jve F(x) suchthat 0 € DV (x,y)(v)
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2. If furthermore, F is assumed to be Lipschitz, the initialization map U@R) :
K ~ K is the unique Frankowska solution V : Ry X K ~ K to the Hamilton-
Jacobi system of first-order differential inclusions (2.2) satisfying the condition
Veel, Vi) = R(x).

Proof — When F' is Marchaud, to say that Graph(V)\ (Graph (RI[IE)) is locally
viable under F' x {0} means that

V (z,y) € Graph(V)\(Graph (R{g)) , F(x) x{0}n TGraph(V) (x,y) #0

We observe that (z,y) € Graph(V)\(Graph(R}ﬁ)) whenever y € V(z)\R(z) N K
and we recall that

TGraph(V) (x,y) = Graph(DV (z,y))

so that the above condition reads
Vye U(I}(;,R)(l‘), Jv e F(x) suchthat 0 € DV (z,y)(v)
When F'is assumed to be Lipschitz, to say that
Capt?f{lg}(Graph(V)) = Graph(V)

means that

1. for any (z,y) € Graph(V)) NInt(K x K),

(~F(2) x {0}) € Tpaphr (@) = Graph(DV(z,y))
This is equivalent to say that for every v € F(x),

Ve e Int(K), y € V(z)NInt(K), 0 € DV(x,y)(—v) (2.4)
2. and otherwise, for any (z,y) € Graph(V)) N J(K x K),
—F(z) x{0}) C Tgraphe) (@ y) U T xx) (2, 1)
This means that for every v € F(z),

i) 0 € D(z,y)(—v)or —veTx\kifxecdK, ye R(z)
it) 0 € D(z,y)(—v)or —veTkify € R(x) NOK
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Indeed,

(X x X)\(K x K)=((X\K) x K)U (K x (X\K))

Therefore, condition (—v,0) belongs to the contingent cone to (X\K) x K at
(x,y) when € 0K means that —v belongs to Tx\x () and condition (—v,0)
belongs to the contingent cone to K x (X\K) at (z,y) when y € 0K means
that —v belongs to Tk (x). O

2.5 Boundary Impulse Differential Inclusions

We consider here the case when the resetting of initial conditions happens only at
time ¢ when the state of the system has to leave K, i.e., when 75 (z(t)) = 0.

In this case, the reset map R : 0K ~» X needs to be defined only on the boundary
of K, actually, on the egress set Egressp(K) of K. In other words, the reset map
can be regarded as a set-valued boundary data and extended to K by setting

Vo¢goK, R(x) := QorS(x) =10
Therefore, the inverse image R™'(K) is contained in the boundary 0K of K.

Definition 2.5.1 An hybrid differential inclusion (F, R) defined on a closed subset
K is called a boundary hybrid differential inclusion if the domain of the reset map R
is contained in the boundary 0K of K.

When F'is Marchaud and R is upper semicontinuous with compact images, we
know that the hybrid system (F, R) is viable if and only if Egressp(K) C R™(K),
i.e., if and only if for every x € Egress;(K), R(z)N K is not empty, or, equivalently,
if and only if

Vo € 0K\Dom(R), F(z)NTk(xz) # 0

Therefore, a viable run z(-) is described in the following way: If ¢,, is an impulse
time and if x,, € Egressy(K), then

1. If t,41 = t,, so that, z, € R™!(Egressp(K)), we take and x,,1 € R(x,) N
Egressp(K)

2. if t,41 > t, (this is the case whenever z,, ¢ R™(Egressp(K))), we take a
solution z(-) to the differential inclusion 2’ € F'(x) stating from z,, at time ¢,

(a) which may remain forever viable in K if z,, € Viabp(K)
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(b) which may remain viable in K until the time ¢, := 75 (z(-)) + ¢, when
the solution is about to leave K at x("t,41) € Egressp(K). Hence, we
take any x,.1 € R(x("t,11)) N K as a new initialized state. O

A boundary impulse differential inclusion is non Zeno, and actually, exhaustive,
whenever the reset map R maps 0K to the interior of K and when K is closed,
bounded, since in this case R(OK) is a compact subset of the interior of K.

Definition 2.5.2 We shall say that a closed subset K is transverse to a set-valued
map F if for any solution z(-) € SE(z), wox (z(+)) = 7x ().

The transversality of K to F means that as soon as a solution x(-) reaches the
boundary 0K of K it leaves K, i.e., that it crosses the boundary 0K of K without
“traveling” on it.

Lemma 6.1.24 implies that if a closed subset K is transverse to F, then the exit
functional is continuous.

Lemma 2.5.3 Let us posit assumption
VeedK, 5 () =0 (2.5)
Then K 1is transverse to F.

Proof — Indeed, assume that there exists a solution z(-) to the differential inclu-
sion ' € F(z) such that wyx(z(+)) < 7k (z(+)). Since ¢ := z(wyk (z(+))) belongs to
the boundary 0K, we know that T[P;u(c) = 0, and thus that there exists a sequence
of times t,, converging to 0 such that

v(wor (2(-)) +1tn) & K

This is a contradiction as soon as wag (2(-)) + tp < 75 (). O

We can provide sufficient conditions implying that assumption (2.5) holds true
involving the complement of the contingent cone to the complement, which is the
Dubovitsky-Miliutin cone defined by

Definition 2.5.4 The Dubovitsky-Miliutin tangent cone Dy (x) to K is defined by:

v € Dg(x) if and only if
3 >0, Ja >0 such that z+]0,a](v +eB) C K
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We recall that
YVoe 8[(, DK(ZL’) = X \ TX\K(ZL’)

We thus observe the following

Lemma 2.5.5 Let us assume that K is closed and a backward repeller. If
Vze aK, F(l‘) C Dx\K<l’>
then assumption (2.5) is satisfied.

Proof — Indeed, Theorem 4.3.4 of VIABILITY THEORY, [8, Aubin] that whenever
for v € 0K and F(x) C Dx\k(), there exists 7' > 0 such that Jp(t,z) € X\K

for all t €]0,T). Then 7£°(z) =0. O

For simplicity, let us consider when K is closed, bounded and transverse to a
Lipschitz single-valued map f, that K is a repeller backward invariant and that the
reset map r : 0K +— Int(K) is continuous. Then we know that the initialization
map u := Uy, is the unique Frankowska solution to the boundary value problem

Ou(x)
Ox

flz) =0
satisfying the Dirichlet boundary condition

VaedK, ulz) = r(x)

2.6 Threshold Systems

2.6.1 An Example

Let X := R". A threshold system is a system defined on X x X where x; is regarded
as the ith component of the state of the system and y; as a threshold. They are
subjected to constraints of the form

Let us denote by
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the set of active constraints. and set

When a threshold y; = h;(z;) is reached, reset maps r; and s; are triggered for
mapping a pair (z;,y;) to a new pair (r;(x;), s;(x;, y;)) satisfying

() > oy si(xi, i) < Bi & hi(ri(ws)) < si(2s, vi)

We shall extend these single-valued maps defined on the set

C = A{lz,y) [ Uz,y) # 0}

to a set-valued maps (again denoted by) r; and s; defined by

0 if h(z) <y

(ri(@:), si(wi, ys) if h(z); =y (2.7)

(ri(zi), si(wi, yi)) = {
maps taking empty values are simple examples of set-valued maps. We also set

7’(515) = (ri($i))i:1 ..... n&S(xa?J) = (Si(xiayi))izl ..... n

In order to take into account a possible evolution of the thresholds (in “learning
processes”, for instance), we shall consider the case when the evolution of the states
and thresholds is governed by a system of differential equations of the form

{ i) 2'(t) = f(z(t))
i) Yy (t) = g(z(t),y(t))

Theorem 2.6.1 We assume that the maps f : X ~ X, g : X X X ~ X are
Lipschitz, that the functions h; are differentiable, that the reset maps r; and s;

defined by (2.7) are continuous and that there exists a > 0 such that, for every
(z,y) € K,

i) Vi=1,...,n, fi(x1,...,q4...,x,) =0
ity Yi=1,....n, gi(x,y1,..., 0, yn) =0 (2.8)
i) Vié¢x,y) (W(x), fi(z)) < gi(x,y) + a(hi(z;) — yi)

Then the subset K of pairs (x,y) satisfying (2.6) is viable under the impulse differ-
ential equation ((f,g),(r,s)).
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If we assume furthermore that

Viel(zy), hi)fi(z)—gi(z,y) =0 (2.9)

then the initialization map (x,y) € K — u(z,y) € X X X is the unique Frankowska
solution to the system of first order partial differential equations

. . " Ou; " Oy, -

Z) Vi= 17"'7”7 — axlfl(‘r)—f—kzz:l%gk(x?y) =0
" Ou; " Ou;

¥} ) =1,... —h -7 =

ZZ) v] ) y 1y gaml‘fl(l)_{—kglamkgk(x’y) 0

satisfying the condition
Viel(z,y), u(z,y) = (r(x),s(z,y))

A run (z(-),y(-)) associated with an (strictly increasing) sequence 7 := {t,}n>0 is
reset at each impulse time ¢, according t the rule

Viel(x(Ttn), y(Ttn)), zi(tn) = ri(zi("tn)) & yi(tn) = si(zi("tn), yi("tn))
so that the pair (x(t,),y(t,)) satisfies
Vi=1,...,n, hi(z;(t,)) < vi(tn)

In other words, at each impulse time ¢,,, only the components i € I(z("t,),y("t,))
reaching the thresholds at impulse time are reset.

Proof — Threshold systems fit the general framework when the continuous
and discrete dynamics are the pairs (f, g) and (r, s) respectively and when the subset
K is defined by (2.6). We observe that the discrete egress set is the set of pairs (x, )
satisfying

Vizl,...,n, T 2oy, Y < ﬂz&hz(:cl) < Y;

which is locally viable thanks to assumptions (2.8)i) and ii). Assumption (2.8)iii)
implies that K is a repeller since whenever (z,y) € K

Ci(yi(?ﬁ)—hi(%(i))) = gi(z(1),y(t)) — (hifi(x(1))) = alyi(t) — hi(z:(t)))
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so that, whenever y;(t) — h;(z;(t)) > 0,

yi(t) = hi(zi(t)) > %i(0) — hi(z;(0))e”

Assumption (2.9) implies that K is backward invariant. Therefore, K being a back-
ward invariant repeller, we deduce that the initialization map (z,y) € K — u(z,y) €
X x X is the unique Frankowska solution to the above system of first order partial
differential equations. O

2.6.2 More General Situations

Naturally, this situation can be extended to the more general case when we have a

system of the form
{ i) 2(t) = f(z(D))
i) y'(t) = g(z(t), y(t))

and when h : X +— Y can be regarded as a constraint map (such as resource,
output-input maps or technological maps in specific contexts) and y a resource or a
threshold, L C X, M C Y and P C M (most often P is a cone defining an order
relation) and

K = {(z,y) e Lx M | h(z)—y € P}
where K is a compact backward invariant. We set
C = {(z,y) € K xL|h(x)—y e P}

Lemma 2.6.2 Let X := R" and P := R" the negative orthant. Assume that f
and g are Lipschitz, that h : X — Y 1is differentiable and that the closed subsets
L and M are convex and satisfy the constraint qualification property: For every
(x,y) € K, there exist u € Ty (x) and v € Ty (y) such that

Vi=1,...,n, (K(z)u); <

If
V(z,y) € K, f(z)e -TL(zx) & g(z,y) € —Tu(y)

and if there exists a > 0 such that

V (z,y) € K\C, W(x)f(z)—g(z,y) € a(h(z)—y)—P
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then the subset K is a repeller.
If we assume furthemore that

V(z,y) €C, N(x)f(x)—g(x,y) € Tp(h(z)—y)
then K is backward invariant under (f, g).

Proof — The above condition implies that for every solution (x(-),y(-)) € S(f, 9)(x,v),
we have

h(z(t) —y(t) € e"(h(z) —y) - P
which implies that K is a repeller under (f, g).
For proving that K is backward invariant, we have to prove that

V(r,y) € K, (—f(x),—g(x,y)) € Tk(z,y)

Since the sets L and M are convex, the constraint qualification assumption implies
that the contingent cone Tk (z,y) to K at (z,y) is equal to

Ti(z,y) = {(u,v) € Tp(x) x Tu(y) | W (z)u —v € =Tp(h(z) —y)}
Let us denote by
the set of active constraints. This means that for any ¢ € I(x,y), we must have
(W (x)u); —vi > 0. Since (—f(x),—g(x,y)) belongs to T(z) x Ty (y), we derive

from the sufficient condition that —(h/(z)u); — g(z,y); < 0 is satisfied. Hence K is
backward invariant under (f,g). O

Let us consider a reset map r defined on C' and mapping it to the set
{(z,y) € Lx M | h(z) —y € Int(P)}

Therefore, the above subset K is viable under the impulse differential equation
((f,g),7). The graph of the initialization map u = u(g) : K — X x Y is the
unique Frankowska solution to the system of first-order partial differential equations

P )+ Py ) ~ 0

satisfying the condition

V(r,y) € C, u(r,y) = r(z,y)
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2.7 Existence of Cadenced Runs

We begin with the following asymptotic property of a run that implies the existence
of a cadenced run:

Theorem 2.7.1 Let us assume that F' 1s Marchaud, that R is upper semicontin-
uous, that R(K) is compact and that R(K) N Viab(K) = (. Let x(-) be a run
associated with a sequence T (x(+)) of impulse times t, viable in K.

If the sequence of reinitialized states x(t,) of the run z(-) converges to some T,
then a subsequence of the motives x(-+t,) converges to the motive Z(-) of a cadenced
run starting at * and viable in K.

Proof — We shall set from now on C := K N R™}(K), that plays the role of a
target.

Let us assume that the sequence x(t,) converges to some T € R(K). If we
denote by z, () := z(-+1t,) the nth motive of the run, we see that z,(-) is a solution
to the differential inclusion 2’ € F(z) starting at x(¢,) and satisfying x,(7,,41) €
R (a(tne)).

Since T does not belong to the viability kernel Viab(K') of K under F' by as-
sumption, Proposition 2.1.3 implies that the cadences 7,, := t,, — t,,_1 are bounded
by a finite time 7.

By Theorem 6.1.6, a subsequence x,,(-) converges uniformly on the compact
interval [0,7] to some solution Z(-) € S(Z) to the differential inclusion 2’ € F(z)
starting at Z. Another subsequence of cadences Tnp,+1 CONVErges to some 7 € [0, T].
Hence @, (7y,, 1) converges to T(7). Since an, (7, +1) belongs to R~ (2(tn, +1)),
since x(tnpq+1) converges also to T by assumption and since the graph of the reset
map R is closed, we infer that Z(7) belongs to R™!(Z). Hence a subsequence of the
motives z,(-) := z(- +t,) of the run z(-) converges to the motive Z(-) of a cadenced
run starting at T of rhythm 7. O

We next provide a sufficient condition for the existence of a cadenced run when
the dynamics f governing the continuous evolution is single-valued and Lipschitz.

Proposition 2.7.2 Let f : X — X be a Lipschitz single-valued map, K C X be a
convex compact subset, C C K be closed and R : C' ~ K be an upper semicontinuous
set-valued map with nonempty compact convexr images.

Let us assume that

Vee K\C, f(x) € Tk(x) (2.10)
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that Viab(K\R™Y(K)) = 0 and that
the hitting function w?K’ R-1(x)) 18 continuous (2.11)

Then there exists a cadenced run of the impulse differential equation (f, R) viable in

K.

Proof — The Viability Theorem implies that from every = € K starts a
solution z(-) =: ¥(-, z) to the differential equation ' = f(z), that is unique because
f is assumed to be Lipschitz.

Since Viab(K\R™!(K)) is empty, the solution z(-) leaves K in finite time when-
ever x € K\C, and leaves it through C' by Theorem 2.1.2 since K'\C'is locally viable
thanks to assumption (2.10).

We thus infer that the hitting function wEK R-1(k)) 18 finite on K. Since it is
assumed to be continuous, the map z ~» ﬁ(w?Kﬁ_l(K))(x),x) is also continuous.
Hence the set-valued map S : =z € K ~» R(ﬂf(w'EKvR,l(K))(x),:c)) C K is upper
semicontinuous with closed convex images since R enjoys these properties.

The Kakutani Fixed-Point Theorem implies that the set-valued map S : K ~ X
has a fixed point T, from which starts a solution Z(-) to the differential equation
' = f(x) satisfying T € R(Z(7)), which is then the motive Z(-) of a cadenced run
of rhythm 7 := wEK’R,I(K))(T). O

The problem now is to provide sufficient conditions for the hitting function to
be continuous instead of being only lower semicontinuous.

When L is a closed subset with nonempty interior such that C' .= KN L, a
sufficient condition is that it coincides with the hitting function w%nt ) which is
upper semicontinuous. For instance, when C' := 0K and when K is the closure of
its interior — which is the case when K is a closed convex subset with nonempty
interior — one can take L to be the closure of the complement of K.

For this purpose, we need to introduce the Dubovitsky-Miliutin and hypertangent
cones:

Definition 2.7.3 The Dubovitsky-Miliutin tangent cone Dy (z) to L is defined by:

v € DL(ZL') if
3 e>0, F3a>0 such that x+]0,a](v+eB) C L

The hypertangent cone Hp(x) to L at x € OL is the set of elements v € X such that
there exist e >0, 0 > 0 and n > 0 for which

B(z,n) N L+]0,6](v+eB) C L
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We recall that for any z in the boundary of L, the Dubovitsky-Miliutin cone Dy (x)
to L at z is the complement of the contingent cone T'x\z(x) to the complement X\ L
of L at x € OL:

Vzée OL, DL([E) =X \ Tx\L(JT)

and that the graph of the hypertangent cone is open in L x X (see Chapter 4 of [31,
Aubin & Frankowska] for more details).

Proposition 4.3.5 of [8, Aubin]| states that if the set-valued map F' is Marchaud
and if F'(z) C Dp(z) at © € 0L, then there exist p, > 0 and T}, > 0 such that, for
all solutions to the differential inclusion 2’ € F(z),

Vie0, 1], dz(t),0L) > put

This implies that whenever f(z) € Dr(x), then wint w (x) = 0. We thus deduce
from Theorem 6.1.24 the following Lemma:

Lemma 2.7.4 Assume that f is a Lipschitz single-valued map, that L is a closed
subset with a nonempty interior and that for every x € 0L, f(x) € Dp(x). Then

the hitting functions @’ and w%nt coincide and, consequently, are continuous on

(L)
the capture basin Capt(L) of L under f.

We deduce from Proposition 2.7.2 and the above Lemma that

Proposition 2.7.5 Let f : X — X be a Lipschitz single-valued map, K C X be a
convex compact subset, C' C K be closed and R : K ~» K be an upper semicontinuous
set-valued map with closed conver images and that R(K') is compact. Let us assume
that L is a closed subset with nonempty interior such that C :== KN R (K)N L is
not empty and different from K, that

{z) Vaee K\C, f(z) € Tk(x)

i) Yo KNOL, f(z) € Dy(x) (2.12)

and that Viab(K\R™(K)) is empty.
Then there exists a cadenced run to the impulse differential equation (f, R) viable
m K.

We now use the techniques of [129, Haddad & Lasry| for extending Proposi-
tion 2.7.5 to the case of impulse differential inclusions:
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Theorem 2.7.6 Let F : X — X be a Marchaud set-valued map, K C X be a convex
compact subset, C' C K be closed and R : C ~ K be an upper semicontinuous set-
valued map with nonempty compact convex images. Let us assume that L is a closed
subset with nonempty interior such that C :== K N R™Y(K) N L is not empty and
different from K, that

{ i) YaxeK\C, F(z) N Tx(z) # 0 (2.13)

it) Yee KNOL, F(x) C Hi(x)

that R(K) N Viab(K) and Viab(K\R™(K)) are empty.
Then there ezists a cadenced run of the impulse differential inclusion (F, R) viable
mn K.

Proof — Following [129, Haddad & Lasry], we use their basic Lemma (see
also Theorem 1.6.1 of [26, Aubin & Cellinal) for approximating the Marchaud map
F' by Lipschitz Marchaud set-valued maps F,, defined by

Vaee K\C, F,(z) := Y ¢!=)C’ (2.14)
finite

where 17" are Lipschitz and C}' are convex compact subsets contained in the image
of F'. They satisfy:

{z) Vn>0, F(z)C-- C F,(x) (2.15)
it) Ye>0,3N(g,x) | Fo(r) C F(z) +¢eB
Therefore, assumption (2.12) implies that
Vn>0, Voe K\C, F,(x)NTk(x)#0 (2.16)
We define now the set-valued map G,, : K ~ X by
Vn>0 Ve K\C, G,(z) := F,(z)+ lB (2.17)

n

It is obvious that these set-valued maps G, are Lipschitz with closed convex values.
Moreover, since Int(T (z)) is nonempty, then v+ < B belongs to the interior of Tk (z)
for all v € Tk (x). Therefore (2.15) implies that

Vn>0,Vre K\C, G,(z) NInt(Tk(z)) # 0 (2.18)
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We also deduce that
Vn>0, Vee KNIJL, G,(xr) C Hp(x) (2.19)

Since G, is Lipschitz and since the maps x ~ Int(Tk(z)) and z ~ Dg(x) have
an open graph, then there exists a Lipschitz selection g,:

i) Yo e KNOL, gu(x) € Hy(x) (2.20)

{ i) Vee K\C, g,(z) € G,(z)NInt(Tk(x))

Hence, by Proposition 2.7.5, there exist for each n an initial state ¥, from
which starts a solution Z,(-) to the differential equation z’ = g,(z) satisfying
T, € R(%,(7T,)), which is the motive z,(-) of a cadenced run of rhythm 7, :=
@i p1(x)) (Tn)-

Since K is compact, a subsequence of such initial states (again denoted by) Z,
converges to some T € K N R(K). Since T does not belong to the viability kernel
Viab(K) of K under F, Proposition 2.1.3 implies that the cadences 7,, :=t,, — t,,_1
are bounded by a finite time 7.

By Theorem 6.1.6, a subsequence (again denoted by) Z,(-) converges uniformly
on the compact interval [0, 7] to some solution Z(-) € S(z) to the differential in-
clusion 2/ € F(z) starting at . Another subsequence of cadences (again denoted
by) 7, converges to some 7 € [0,T]. Hence Z,(7,) converges to Z(7). Since T, (7,)
belongs to R~1(7,) and since the graph of the reset map R is closed, we infer that
Z(T) belongs to R~(Z). Hence a subsequence of the motives z,(-) := x(- + t,) of
the run z(-) converges to the motive Z(-) of a cadenced run starting at = of rhythm
7. O

2.8 Reset Kernels under Impulse Differential In-
clusions

When K is not viable under (F, R), we introduce the following concepts:

Definition 2.8.1 Let us consider an impulse differential inclusion (F,R) and a
subset K.

We shall denote by Reset(p ry(K) the subset of initial states xy € K from which
starts at least one run viable in K and call it the reset kernel of K under the impulse
differential inclusion (F, R).
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For characterizing the reset kernel of K, we need the following lemma:

Lemma 2.8.2 Let assume that F' : X ~» X is Marchaud, that K is a closed repeller
under F', that R : X ~ X s upper semicontinuous and that

Vze K, R(x)N (K + B)is compact
Then, for every closed subset L C K, the subset Cap® (R™'(L) N K) is closed.

Proof — By Lemma 5.2.10, the subset R~!(L)NK is closed and by Theorem 6.3.13,
its viable-capture basin is also closed. O

Theorem 2.8.3 Let assume that F' : X ~ X is Marchaud, that R : X ~ X 1is
upper semicontinuous and that

VaoeK, R(x)N (K + B)is compact

Assume also that K is a closed repeller under both F' and R. The reset kernel
Resetp,r)(K) is the largest closed subset of K viable under the impulse differential
inclusion (F, R). It is the largest closed solution to the “fized set” problem

Reset(p gy (K) := Captp (R_l(ResetF,S(K)) N K)

contained in K.
Furthermore, setting Ky := K and recursively

Knp1 = K, N Capp (R(K,) N K)

it 18 equal to

Reset(po)(K) = ﬂ K,

n>0

(the reset kernel algorithm ).

Proof — We first observe that the subsets K,, are closed by Lemma 2.8.2.

Second, we note that any closed subset L C K viable under (F, R) is contained
in the reset kernel Reset(r py(K), since from any zq € K starts a viable run in L,
and thus in K.

The reset kernel Reset (g gy (K) is viable under (F, R). Indeed, let 2y € Reset(z gy (K)
and x(-) be a run starting from zy viable in K, associated with impulse times
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to=0<t; <---<t, <---and reset initial states x,,. Take any T" > 0 and show
that =(7") belongs to the reset kernel Reset g ry(K). We consider the run y(-) defined
by y(t) ;= x(t + T), starting at time 0 from x(7), with impulse times s, :=t, + T
and reset initial states y, := x, € K. Furthermore, for every interval [t,, ;1]
whenever t,11 > t,, y(-) is a solution to the differential inclusion =’ € F'(x) viable
in K. Hence, y(-) is a run of the impulse differential inclusion starting from z(7")
and viable in K, and thus, belongs to the reset kernel Resetp gy (K).

Assume next that xy belongs to the reset kernel Reset(r gy (/) under (F, R) and
show that it belongs to to the intersection

Ky = ﬂKn

n>0

of the subsets K,. Indeed, there exists a run z(-) starting from x, viable in K
accociated with a sequence of impulse times 0 < ¢; < -+ < ¢, < --- and of
states &, = z(7t,) € R7'(K) N K and of initial states z,, € R(£,). Each element
x, of the sequence of initial states belongs to K. Since &, € R7Y(K) N K and
r, € Capth(R™1(K) N K) by construction, then each element z,, of the sequence
of initial states belongs to K;. Assume that each element z, of the sequence of
initial states belongs to K;. Therefore, as for the case j = 0, we deduce that
z, € Capth (R7Y(K;) N K). Since it belongs to K;, we infer that it also belongs to
K 1. Therefore, the sequence of initial states x,, ranges over the intersection K of
the subsets K, so that Reset(pg)(K) C K.

Let us prove now that from any xy € K, starts a viable run, i.e., that K is
contained in the reset kernel of K. For any n > 0, one can find a solution ()
to the differential inclusion 2/ € F(x) starting from zq, a time ¢, < 75 (x0) such
that &, == z,(7t,) and y, € R(&,) N K,_; since 2o € Cap® (R7'(K,) N K). One
can prove, as in the proof of Lemma 2.8.2, that subsequences (again denoted by) ¢,
2,(+) and y, converge to some t < £ (1), z(+) and y respectively, where z(-) is a
solution to the differential inclusion starting from zg, £ = z(¢) and y € R(§) N K.
Since the elements y,, belong to K, _; and since the sequence K, is decreasing, this
limit y belongs to the intersection K of the subsets K,,. Hence £ = x(t) belongs to
R™Y(K,)N K and thus, zy belongs to Capt® (R~ (Ky) N K).

It remains to check that Capt® (R~'(K,) N K) is contained in K. Indeed,
starting form zy € Captf (R~ (K) N K), there exists a solution to the differential
inclusion 2/ € F(zx) viable in K until it reaches R™'(K,) N K at some &, when it
can be reset to some z; € R(§) N K. Therefore, a discrete sequence of initial states
starts from xy and is viable in K, so that zy belongs to the reset kernel of K, which
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is thus equal to K. O

Theorem 2.8.4 Let us assume that F' is Marchaud and that K is a closed repeller
under both F' and R. Then the reset kernel Reset g r)(K) is the largest closed subset
D of K satisfying

i) KNR'Reset(pp(K)) € D C K
it) Va € D\R ' (Reset(pr)(K)), F(zx)NTp(z) # 0

or, equivalently, in terms of normal cones and support functions, if and only if
Reset(pp) (K) is the largest closed subset D satisfying

i) KNR'Reset(ppr(K)) C D C K
ii) Va € D\R*(Reset(rr)(K)), Vp € Np(x), o(F(z),—p) > 0

When K is backward invariant under F', we infer the following consequence:

Theorem 2.8.5 Assume that F : X ~ X is Marchaud and Lipschitz and that K
1s a closed repeller under both F' and R and backward invariant under F'. Then the
reset kernel Reset(p gy under the impulse differential inclusion (F, R) is the unique
Frankowska extension of R~ (Reset(rr)(K)) N K, i.e., the unique closed subset D
such that

RYD)NK ¢ D C K

satisfying
{ i) VY& D\R YD), Fx)NTp(z) # 0
it) YeeD, F(x) C —Tp(x)

or again,
i) Vaxe D\R YD), Vpe Np(x), o(F(z),—p) = 0
ii) Yxe D, Vpée Np(x), olF(x),—p) < 0
Example Let S C X be a closed subset (the switching set), with which we

associate the reset map R := 1+ S defined by

VeeX, Rlz) =zxz+8S
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Then a closed subset L C K is a viable under (F,1 + S) if and only if
L = Captf((L - S)NK)

If not, assuming that the subsets (K + B — x) NS when z ranges over K are
compact, the reset kernel Reset(z14.5)(/) of K is the largest closed subset contained
in K viable under (F,1 + S), equal to the largest fixed set

Reset(p145)(K) = Capty ((Reset(rays)(K) —S) N K)
and also equal to the intersection of the closed subsets K, defined recursively by
Kpy = K,NCapth((K, —S)NK)

If we assume furthermore that K is backward invariant under F', then the reset kernel
Reset(r145)(K) is the unique closed subset D C K containing (Reset(r149)(K) —
S)N K which is backward invariant and such that D\ (Reset(r1.45)(K)—S) is locally
viable.

When F' is assumed to be also Lipschitz, we deduce from the characterization of
invariant subsets that the reset kernel Reset(r145)(K) is the unique closed subset
D C K containing (Reset(p149)(K) — S) N K satisfying

{z) VeeD, F(x) C —Tp(x)
it) Va € D\(Reset(p145)(K)—S), F(z)NTp(z) # 0

or, in normal form,

{ i) YxeD,Vpe Np(x), o(F(x),—p) < 0
it) Vo € D\(Reset(r145)(K)—S), Vpe Np(x), o(F(x),—p) = 0

Remark: Viability Kernel of the Initialization Map —  Since the se-
quence of initialized states is governed by the initialization map, the question arises
to compare the discrete viability kernel of K under the initialization map with the
reset kernel of K under the impulse differential inclusion:

Proposition 2.8.6 The reset kernel Reset(p g (K) of K under the impulse differ-
ential inclusion is equal to the discrete viability kernel Viaby,,, ,, (K) of K under the
instialization map UpRy.
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Proof — The reset kernel Reset g (K) is obviously contained in Viaby,,, ., (K).
Assume now that zy belongs to the discrete viability kernel Viaby,,, ., (K) and let us
choose a viable sequence z,, 1 € Upg)(2,) N K of reinitialized states. By definition
of the initialization map, there exists a solution z(-) of the impulse differential in-
clusion such that for any n, z,,41 € R(x("t,)) which is viable in K. Then xz, belongs
to the reset kernel Reset(pg)(K). O
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Chapter 3

Asymptotic Stability

3.1 Lyapunov Functions

3.1.1 Definition of Lyapunov Functions for Impulse Differ-
ential Inclusions
Let F': X — X be a Marchaud map, R : X ~ X is an upper semicontinuous map

with compact images and S := 1 — R governing the evolution of runs of the impulse
differential inclusion described by (F, R) by

'(t) € F(x(t)) + Z S(x(Ttr))o(tx) (3.1)
k=1
where tg < t;--- < --- < t, < --- denotes a sequence of “switching” times and

x("tx) € K a sequence of elements of K.
We also introduce a time-dependent function w(-) defined as a solution to the
differential equation

w'(t) = —p(x(t), w(t)) (3.2)
where ¢ : X x R, — R is a given continuous function with linear growth.

This section is devoted to specific viability constraints — called, dynamical in-
equalities — which can be written in the form

Vielo,T], v(z(t) < w(t)

where v : X — Ry U{+o0} is a given nontrivial nonnegative extended function.

69
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We recall that the epigraph of the contingent epiderivative Dyu(z) of u at z is
the contingent cone to the epigraph of u at (z,u(x)):

Ep(Dyu(r)) = Ty (z.u(z))

and that

hu') —
e, Dl - hm%mw 12) u(x)

See for instance Chapter 6 of [31, Aubin & Frankowska] for more details.

When F' is Marchaud and ¢ continuous with linear growth, we know that the
two following statements are equivalent:

1. From every xy € Dom(v) starts a solution z(-) to the differential inclusion
2’ € F(z) and from v(xg) starts a solution w(-) to the differential equation
w' = p(z,w) such that v(z(t)) < w(t) for all positive times

2. the dynamics F' and the extended function v are linked by the property!

V 2 € Dom(v), ég(f )DTV(.Z')(U) + oz, v(z)) <0

If these equivalent properties do not hold true, there exists an extended lower semi-
continuous function v, > v which is the smallest of the lower semicontinuous func-
tions v > v satisfying the above equivalent properties.

3.1.2 Characterization of Lyapunov Functions

These results can be also extended to the case of impulse differential inclusions:

Theorem 3.1.1 Let v be a nontrivial nonnegative lower semicontinuous extended
function, F': X ~ X, be a Marchaud map, R : X ~ X be an upper semicontinuous
map with compact images and p : X X Ry — R be continuous with linear growth.
We set

"'We recognize the classical definition of one brand of Lyapunov functions because when v is
differentiable, F' = f is single-valued, it boils down to

(v!(x), f(2)) + p(a,v(z)) <0
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1. vr(z) := infycp) v(y), the marginal function,

2. Ry,(z) = {y € R(z) | v(y) = vr(x)}, the marginal map.
Then the two following conditions are equivalent:

1. for any initial state xy € Dom(v), there exist a run z(-) to the impulse differ-
ential inclusion (F, R) and a solution to the differential equation w(-) to (3.2)
satisfying property

Vi>0, vizt) < w(t), w0)=v(z(0) (3.3)

2. v is a contingent solution to the Hamilton-Jacobi variational inequalities:
whenever v(z) < vg(z), then
inf Dv()(e) + oo V(@) < 0 (3.4
vel(x

Proof — We set F(z,w) := F(z) x {—¢(z,w)} and R(z,w) := R(x) x {w}.
Obviously, the impulse differential inclusion (F,R) has a run satisfying (3.3) if
and only if the auxiliary impulse differential inclusion (F,R) has a run starting at
(x0, v(xg)) viable in Ep(v).

Let us set vg(z) := infyep() v(y). We then note that R™(Ep(v)) = Ep(vg) and
that (z,w) € Ep(v)\R™'Ep(v) if and only if

< = inf
v(z) < w < vg(z) yelg(m)v(y)

Since F is Marchaud and R is upper semicontinuous with compact images, this is
equivalent to say that for all (z,w) € Ep(v)\R'Ep(v), there exists u € F(x) such
that (u, —p(z,w)) € Teprv)(z, w).

This condition implies (3.4) because by taking w = v((x)), we infer that

(v, =p(x, v(2))) € Tepv (x, v(2)) = Ep(Dyv(z))

for some v € F(x). Hence v is a contingent solution to the Hamilton-Jacobi varia-
tional inequality (3.4).

Conversely, since F'(z) is compact and v — Dyv(z)(v) is lower semicontinuous,
(3.4) implies that there exists v € F'(x) such that the pair (v, —p(z,v(z))) belongs
to Tepv)(z, v(x)). If v(z) < w < vg(z), we observe that for every u € R, (v, )
belongs to Tepv) (2, w), and in particular, for = —p(z,w). O

Therefore, a run (z(-),w(-) of the auxiliary impulse differential inclusion (F,R)
is defined in the following way: At impulse time ¢, and initial conditions x, and
w(t,) such that v(x,) < w(t,), then
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if vg(z,) < w(t,), we take t,,1 = t, and x,.1 € R(x,) such that v(x,.1) =
vr(x,), so that v(x,.1) < w(t,11) = w(t,),

. if w(t,) < vg(x,), there exist a solution z(-) to the differential inclusion

x' € F(x) starting at time ¢,, from z,, and a solution w(-) to the differential
equation w’ = ¢(x,w) starting at time ¢,, from w(t,) satisfying v(z(t)) < w(t)
until a time ¢,,1 such that vg(z(“t,y1)) = w(t,eq) if

w(t,) < min(ve(x,), ve(z,))

We thus reset the initialized state by taking x,.1 € R(z("t,.1)) such that
V(Zny1) = Ve(z(Ttay1)) and wyyq := w(t,a1), so that v(z,y1) = w(tyer). O

Remark — We can reformulate the viability theorem in the following way:

Corollary 3.1.2 Let F : X ~ X be a Marchaud map and R : X ~» be an
upper semicontinuous map with compact images. A closed subset K is viable
under (F,R) if and only if its indicator Vg is a contingent solution to the
Hamilton-Jacobi variational equation

Voe K\RYK), inf Dig(z)(v) = 0

veF (x)

Example: Exponential Lyapunov Functions of a Impulse Differential
Inclusion Let us assume that the nontrivial lower semicontinuous extended
function v : X — R U {+o0} is bounded from below: we set

vy = inf v(z)

The function v : X — R, U {+oo} is said to enjoy the a-Lyapunov property
if and only if for any initial state xg, there exists a run z(-) of the impulse
differential inclusion (F, R) satisfying

V>0, viz(t) < w(t) = (v(zo) —vo)e ™ + vy (3.5)

Such inequalities allow us to deduce many properties on the asymptotic be-
havior of v along some runs of the impulsive differential inclusion, such as the
fact that v(z(t)) converges to vy.
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We deduce from Theorem 3.1.1 with ¢(z,w) := a(w — vg) that property (3.5)
holds true if and only if whenever v(z) < infycpy) v(y), then

1g(f )DTV(x)(v) +a(v(z) —vy) < 0 (3.6)
vel(x
In particular, when v(z) := ||z — ¢||* and vy := 0:

inf (v —c,v)+2allz —c[*<0
veF (z)
We call them exponential Lyapunov functions of a impulse differential inclu-
sion (with respect to a).

3.1.3 Lyapunov Functions for Hybrid Control Systems

Since a hybrid control systems defined by

i) @'(t) = fle(t),x(t), ult))
{ i) x(t) € Ule(t), z(t)) (3.7)

reset by a set-valued map R : E x X ~ E x X is the impulse differential
inclusions {0} x f(K(e),x,U(z)), we can translate Theorem 3.1.1 to this case
for characterizing an “hybrid” Lyapunov function, defined as an extended
functions v : E x X +— R U {400} possibly depending on the locations (for
instance v(e,z) = ||z — c(e)|| where c¢(e) € K(e) is an equilibrium, i.e., a
solution to the equation f(e,c(e),u(e)) = 0 where u(e) € U(c(e))).

Theorem 3.1.3 Let v : E x X ~ RU {400} be a nontrivial nonnegative
lower semicontinuous extended function, U : E X X ~ E x X, be a Marchaud
map, f: EXX XY be a continuous map with linear growth affine with respect
to the controls and R : E X X ~ E x X be an upper semicontinuous map with

compact images and ¢ : X X Ry — R be continuous with linear growth. We
set

(a) vr(e,x) = inf(sy)ereq) V(f,y), the marginal function,
(b) Ry,(e,z) == {(f,y) € R(e,z) | v(f,y) = vr(e,z)}, the marginal map.

Then the two following conditions are equivalent:
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(a) for any initial state xo € Dom(v), there exist a run (e(-),z(:) to the
hybrid control system (8.7) and a solution to the differential equation
w(-) to (3.2) satisfying property:

Vi€ tn o, vie(tn),z(t)) < w(t)

(b) v is a contingent solution to the Hamilton-Jacobi variational inequalities:
whenever v(e,z) < vg(e,z), then

inf Dyv(e,z)(v) +¢(z,v(e,z)) < 0

vEF (e,x)

3.2 Hybrid Gradient Methods for Global Op-
timization

Let us consider the minimization problem

= inf

v = v

where v : X — R U {400} is a nontrivial lower semicontinuous extended
function assumed to be bounded from below.

A way to introduce the “Gradient Method” is to use the simple differential
inclusion
Vt>0, 2/(t) € B

where B denotes the unit ball of the finite dimensional vector space X, leaving
open the direction to be chosen by the algorithm. Instead of choosing the ve-
locities at random as in the methods of simulated annealing and being satisfied
by convergence in probability, we shall ask whether v can be an exponential
Lyapunov function for the differential inclusion 2’ € B.

We introduce the function v, > v which is the smallest of the lower semicon-
tinuous a-Lyapunov functions larger than or equal to v, the minima of which
coincide with the global minima of v. The gradient algorithm for v, converges
to global minimal of v (see [38, Aubin & Najman] and Chapter 8 of [10, Aubin]
about the “Montagnes Russes Algorithm”).

Instead of using this (costly but efficient) algorithm, we can use a reset map
R as a discrete search algorithm which can be paired with the usual gradient
method for jumping over local minima.
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Theorem 3.1.1 implies that whenever v(z) < inf,cp) v(y), then

inf Dyv(x)(u) + a(v(z) —wvg) < 0 (3.8)

ueB
is necessary and sufficient for the existence of one run z(-) to the impulse
differential inclusion (B, R) starting from any given initial state 2o € Dom(v).

Therefore, a run (z(+), () of the auxiliary impulse differential inclusion B x
{—a(v(z) — v)}, R x 1) is defined in the following way: At impulse time
t, and initial conditions z,, and (v(zg) — vg)e” " + vy such that v(z,) <
(v(zg) — vo)e™ " + v, then

(a) if vg(z,) < (v(xg) — vo)e™ % + vy, we take t,.1 = t, and z,41 € R(x,)
such that v(z,41) = Vr(Z,), so that v(z,,1) < (v(xg) — vg)e™ ¥+t + vy,
(b) if (v(xg) — vo)e™ ™ + vy < vg(z,), there exist a solution x(-) to the
gradient method
2'(t) € {w € B|Dyv(z)(w) + a(v(z) — vy) < 0}

starting at time ¢, from x,, satisfying v(z(t)) < (v(x¢) —vg)e™* 4 vy until
a time t,,1 such that vg(x(Tt,y1)) = w(tnyq) if

(v(z0) — vo)e ™ 4+ vy < min(ve(z,), Vr(Ty))

We thus reset the initialized state by taking z,11 € R(x("t,41)) such that
V(Zni1) = Vr(z(Ttat1)), so that v(z,, 1) = (v(zg) — vo)e ™+l + vy, O

Consequently, the algorithm stops at some time 7" and at a state  from which
starts a sequence 41 € R(x;) satisfying

V>0, ug(r;) < (v(ro) —vo)e " + vy

or else, v(z(t)) converges to vg. O

Remark — Observe also that the Fermat rule states that at every local
minimum z of v, 0 < inf,cp Dv(z)(u). Therefore, an exponential Lyapunov
function satisfying

Ifvg < v(z) < inf v(y), then inf Dyv(z)(u) < —a(v(z) —vg) < 0
yER(x) ueB
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does not have local minima when vy < v(z) < ug(x) := infycpe) v(y).

other words, local minima — if any — lie in the subset

v '(vg) | J{z such that v(z)> inf v(y)}
yeR(z)

In



Chapter 4

Optimal Impulse Control

4.1 The Auxiliary System

The evolution of a control problem (P, f) with a priori feedback map P : X ~»
P from X to some finite dimensional vector space P is governed by

i) 2'(t) = flz(t),u(?))
{ i) u(t) € Px(t)) (1)

Denote by S(p, sy (o) the set of pairs (z(-), u(-)) solutions to the control problem
(4.1) starting from x at time 0, i.e., such that z(0) = x.
Let us introduce now a nonnegative lower semicontinuous “Lagrangian”
[:(xz,v) € Graph(P) — I(z,v) € R}
assumed to be convex with respect to u and to have linear growth
Wz u) < el + fluf + 1)
Let us introduce a lower semicontinuous “cost function” w : X — R U {+o0}
and a Lagrangian [ : Graph(P) — R.
We shall characterize the value function
V(e fiw) (T) =

= teo —art
inf m( ¢ kw(gk)+/0 e l(a:(T),u(T))dT>

(@) u(NERE, 11wy (@) \f=

7
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of the control problem (4.1) under the Lagrangian [ and the cost function w
by proving that its epigraph is the reset kernel of K x R, under the auxiliary
impulse differential inclusion (G, R) we now define.

We associate with the control system (P, f) and the Lagrangian [ the set-valued
map G : X x Ry ~ X x R defined by

Gz, y) == {{f(@,u)} x (ay + [=c(llz]l + ull + 1), =l(z, 0)]) }ep)

which is a Marchaud map whenever (P, f) is Marchaud and the Lagrangian [
satisfies the above assumptions.

We shall also associate with the function w the auxiliary reset map R : X X
R ~ X X R defined by

R(z,y) = (z,y) + Hyp(w)
associated with the constant switching map Hyp(w).

In summary, we asociate with the optimal impulse control system the auxiliary
impulse differential inclusion (G, R) on the vector space X x R. We shall prove
that the reset kernel of X x R, under (G, R) is the epigraph of the value
function of the optimal impulse control problem and translate the properties
of the reset kernel for obtaining corresponding properties of the value function.

Since the reset kernel involves the inverse image R~(Ep(v)) and the capture
basin of the epigraph of a function u, we shall first show that they are re-
spectively the epigraph of an inf-convolution and the epigraph of a stopping
time.

1

We associate with any extended functions® u and w the extended function

u * w defined by
(uxw)(z) = inf(u(y) +w(y —2)) = inf(u(z+y)+w(y))
yeX yeX
We shall prove that under adequate assumptions, the inverse image R~*(Ep(u))

of the epigraph of a lower semicontinuous nonnegative extended function w is
the epigraph of u x w:

I The inf-convolution or episum u @ w of the functions u and w is defined by
:= inf — := inf —
(wew)(@) = inf (u(y) +w(z —y)) = inf (u(z —y)+w(y))

The impulse optimal control problem leads instead to the functions u and w, which have the same
kind of properties.
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Theorem 4.1.1 Let us assume that u : X — RU{+o0} is lower semicontin-
uous and nonnegative and that w : X — R U {oo} is lower semicontinuous,
nonnegative and coercive in the sense that

¢ = liminf w(y)

> 0
lyll—+oo [yl

Then the function u*x w s lower semicontinuous and

i) R7Y(Ep(u)) = Ep(uxw)
ii) R Ep(u))Né&p(u) = Ep(max(u,u*w))
i) & ( NR(Ep(n) = & = {(z,y) € X xR such that
u(z) <y < (uxw)(2)}
Furthermore, for every x € Dom(u x w), the set

Ry(z) = {y € X | (uxw)(z) = ulr+y)+w(y)}
15 not empty.
Proof — We first observe that
R™(Ep(u)) = Ep(u) — Hyp(—w)
and consequently, that

R™Y(Ep(u)) C Ep(ux*w)

Before proving the converse inclusion, let us prove that the function u * w is
lower semicontinuous. For that purpose, we have to check that its epigraph
is closed. Let (z,,\,) be a sequence of the epigraph of u * w converging to
(,\). By definition of the infimum, we can associate y, such that

1
V>0, uy, +x,)wW(y,) < (u*w)(xn)%—ﬁ <A+l =«

Since u is nonnegative, we infer that

Ya|| Yal|
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and since w is coercive, that there exists R > 0 such that for every ||y,| > R,

c w(Yn) a

2 7 lwall T sl

Hence we infer that
2
V20, gl < max (R
c

Since X is finite dimensional, this bounded sequence is compact, so that a
subsequence (again denoted by) y, converges to some y. The function (z,y) —
u(z +y) + w(y) being lower semicontinuous, we infer by taking the limit that

(wxw)(z) < u(z+y)+wly) < A

so that (z, \) belongs to the epigraph of u* w, which is then closed.

In particular, taking z,, := x and A := (u* w)(x), we deduce that
(wxw)(z) = u(r+y)+w(y)

so that the limit y achieves the infimum of the minimization problem (uxw)(z).
This also implies that

(z, (uxw)(z)) = (v +y,u(z+y)—(y,—w(y))

and thus, that R~!(Ep(u)) coincides with the epigraph of u * w.

The other properties are obvious consequences. O

Corollary 4.1.2 We posit the assumptions of Theorem 4.1.1 and we assume
furthermore that inf,cx w(y) > 0, then the continuation set defined by

C ={reX|ulx) < (uxw)(z)}

18 not empty.

Proof — The continuation set is the projection onto X of the set Ep(u)\R™ (Ep(u))

of Ep(u) under the reset map R.
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Assume that the continuation subset C is empty. Then for every z € X, we
should have

u(z) = (wew)(@) > infw(y)+ inf u(y)

so that, by taking the infimum on the left hand-side of this inequality, we
obtain inf,ex w(y) = 0, a contradiction. O

We also observe that by defining recursively the extended function u, : X —
R U {+00} by the discrete viability algorithm

Ep(u,y1) = Ep(u,) N R Y (Ep(uy,))

we obtain

ye y;€X, j=1,..n = =

u,(r) = max (u(aj), in}f;(w(y) +v(z+y),..., inf (Zn: w(y;) +v (:L’ + Xn: yj) ))

Therefore,
VeeX, u(x) > n;g)f(w(x) +$£}f( u(x)
If we assume that inf,cx w(y) > 0, then

Us (%) = supuy,(z)
n>0

is the constant function +o0o. In other words, the epigraph of u is a repeller
under the discrete dynamical system defined by R(z,y) := (z,y) + Hyp(—w),
since its discrete viability kernel, being the epigraph of u,, = +o0.

This implies that the set Ep(u)\R™!(Ep(u)) is not empty.
Actually, the subsets

En = {(,y) € X X R |uu(z) <y < wppa(2)}

form a partition of the subset
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Let us associate with any « € X the integer n(x) such that uy(z) = u,y)(z) <
U, (2)41(7) and the map R,, defined by

n(x) n(x) n(x)
Rule) = {z b () = 32 w(yy) + u ( .S yj) }
=1 =1 =1

Therefore, for any x belonging to the stopping set S defined by
S = {r € X suchthat u(z) = (uxw)(z)}

we have

u(Ru(2)) < (uxw)(Ru())

4.2 Stopping Time Value Function

Let us consider a function? u : X — R, U {+oc}. We associate with it the
stopping time problem

t
. : : —at —at
Lippp(u)(z) = (z(~),u(-)1)rég(p’f)(:c) %Izlg (e u(z(t)) +/0 e l(x(7),u(7))d7>

The function I'(p ;) (u) is called the stopping time function associated with u.

We shall characterize its epigraph:

Proposition 4.2.1 Let us assume that the control system (P, f) is Marchaud,
that the Lagrangian | : Graph(P) ~ Ry U {400} is nontrivial, nonnegative,
lower semicontinuous, convexr with respect to u and has linear growth

lz,u) < ] + [lul +1)
and that u: X — Ry U {400} is nontrivial, non negative and lower semicon-

tinuous.

Then the capture basin Capty(Ep(u)) of the epigraph of w under G is the
epigraph of the stopping time function I'(p sy (w), which is then lower semi-
continuous.

2regarded as an “obstacle” in problems of unilateral mechanics.
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Proof — To say that a pair (z,y) belongs to the capture basin Capt(Ep(u))
means that there exist ¢ > 0 and a solution (x(-),u(-)) € S(ps)(x) such that

<x(t),e“ty— / t ea@ﬂz(x(T),u(T))dT) e &pu)

i.e., if and only if

This implies that

Lip gy (w)(x) t
{ = inf inf (e‘“tu(x(t))+/0 le‘”(m(7’),u(7’))d7’> <y

(@(-),u())€S(p,p)(z) t20
and thus, that Captg(Ep(u)) is contained in Ep(T'(p s (0)).

Since F' is Marchaud, the subset S\(Rf)(l') of solutions (z(+),u(-)) to control
system (4.1) is compact in the space C(0,T, X) x L*(0,T, X) where C(0,T, X)
supplied with the uniform convergence and L'(0,7, X) with the weakened
topologu. On the other hand, the functional

(@()u() = [ e ia(r), u(r))dr

is lower semicontinuous on C(0, 00, X) x L'(0, 00, P) when L' is supplied with
the weakened topology (see for instance Proposition 6.3.4 of [26, Aubin]). Then
the infimum

Disn(@)(a) = e *u(@d) + [ i), ar)ds

is reached by a solution (z(-),u(-)) € S(pp)(x) and a time ¢ > 0.
Therefore, if y > I'(p s1)(u)(x), then the pair

(‘()y —ey/ alt=3); ())ds)

is a solution to the differential inclusion (2’,7y’) € G(z,y) that reaches Ep(u)
at time ¢ because

G(E) > €T (p oy ()(T, ) — J§ (i), <>>ds
= e (emtu(z (D) + f e 12 (r), () u(z(1)))
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This states that (x,y) belongs to the capture basin of Ry x Ep(u), which
is then equal to the epigraph of I'(ps;)(u). Being closed when the system is
Marchaud, this means that the value function is lower semicontinuous. O

Theorem 4.2.2 We posit the assumptions of Propposition 4.2.1 and we as-
sume that

+o00
Vl’EX, inf / e—aTl 2(7), u(r dr — too
(z(),u(-))eSk(z) Jo ( ( ) ( ))

Then the stopping time function vy = I'(ps1)(0) is characterized as the small-
est of the nonnegative lower semicontinuous functions v : X — R U {+o0}
satisfying for every x

i) 0 < v(z) < u(z)
it) if v(z) < u(z),
infyepa) (Dyv(x)(f(x,u)) + l(z,u) —av(z) < 0

Or, equivalently, in a dual form, denoting by

H(z,y,p) = ug&)((p,f(:v?u»+l(x,U))—ay = o(G(x,y), (p,—1))

the Hamiltonian associated with the optimal control problem, the stopping time
function is also characterized as the smallest of the nonnegative lower semi-
continuous functions v : X — R U {400} satisfying for every x

i) 0 < v(z) < u(z)
it) ifv(z) <u(x), Vpeo_v(z), H(z,v(z),p) > 0
and V p € 0%v(x), o(f(x,P(x)),p) > 0

If we assume furthermore that P, f and [ are Lipschitz, then the stopping time
function is the unique Frankowska solution v > 0 to the system of differential
inequalities: for every x € Dom(v),

i) 0 < v(z) < u(x)
i) SUPyep(r) (D1v(2)(—f(7,u)) — l(z,u)) + av(z) < 0
iit) if v(z) <u(z), infuep) (Dyv(z)(f(z,u))+1(z,u)) —av(z) < 0
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or, equivalently, in dual form,

i) 0 < v(z) < ux)
it) Vpedv(z), H,v(z),p) <0

andV p € 0%°v(z), o(f(xz,P(z)),p) < 0
i) ifv(z) <u(z), Vped_v(z), H(x,v(x),p) 0
andV p € 02v(z), o(f(z, P(x)),p) = 0

which can reformulated in the form of “variational inequalities™

i) 0 < v(z) < u(x)
it) Vped_v(x), H(z,v(z),p) <0
and V p € 0®°v(x), o(f(xz,P(x)),p) < 0
iti) Ypeo_v(z), H(z,v(x),p)(v(z)—u(x))
and V p € 0%°v(z), o(f(z, P(x)

Knowing the stopping time function, an optimal solution is obtained in the
following way. Starting from xy such that v(x¢) < u(zg), we choose a solution
to the control system

) & Rongooio)
where

Ripsny(@) = {u € P(x) | Dyvipsy(@)(f(z,u) +(z,u) —av(z) < 0}
until the first time t > 0 when v(z(t)) = u(z(t)).

4.3 Value Function of an Optimal Impulse Con-
trol

We shall characterize the value function
V(pfiw) (T) =

inf (Ze rw (&) +/ e Tz ,u(7))d7>

(@) u()ERE, ;| (@)

3See for instance [55, Bensoussan & Lions J.-L.]. The subset {z € X | v(z) < u(z)} is called
the continuation set and the subset {z € X | v(z) = u(x)} is called the stopping set.
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of the control problem (4.1) under the Lagrangian [ and the cost function w
by proving that its epigraph is the reset kernel of X x R, under the auxiliary
differential inclusion (2'(t),y'(t)) € G(z(t),y(t)) with the constant switching
map S = Hyp(—w):

Theorem 4.3.1 Let us assume that the control system (P, f) is Marchaud,
that the Lagrangian | : Graph(P) ~ Ry U {400} is nontrivial, nonnegative,
lower semicontinuous, convex with respect to u and has linear growth

z,u) < cfllz| + [Jull +1)

that K is closed and that w : X — Ry U {400} is nontrivial, lower semicon-
tinuous and satisifes inf cy(y) > 0.

Then the epigraph of the value function

+o0o “+00
v fiw(T) = inf e Mew (& +/ e l(x(1),u(r dT)
pa@)= (S e+ [ iate), )
for the optimal impulse control problem (4.1) under the Lagrangian l and the
cost function w is the reset kernel of K x Ry under the impulse differential
inclusion (G, 1+ Hyp(—w)) and the optimal runs are the runs of the impulse
differential inclusion (z'(t),y'(t)) € G(x(t),y(t)) viable in Ep(V(p,fiw))-

Proof — Let us consider a pair (xg, yo) in the reset kernel of K x Ry under
the impulse differential inclusion (G, 1+ Hyp(—w)). Then there exists a run
(z(+),y(+)) starting from (z¢,yo) viable in K x R..

A run to the impulse differential inclusion (G, 1 4+ Hyp(—w)) can be written
in the form

w(0) = w0+ 36t [ Slr(r)u(r)ds
Vit € [ty tnsl, (kl n

0 < & (sn+ 3 e [ e itetn atrar)

k=1
and

n+1 tnt1

) altarn) = a0+ 3 G+ [ flalr)u(r)dr
@) sltan) < e (1= 52— [77 Ut u(rir

k=1
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where, for every integer k, np < —w(&).

Indeed, assuming the above formula to be true, then, for every ¢t € [t,11, ti2],

y(t) < ea(ttn+1)y(tn+1)_/t ea(tJf‘)l(;,;(T)’u(T))dT

tn+1

= (yo + nz: e~y — /0thrl e Tl(x(r), u(r))dr)
‘ k=1
— [ et i), ulr)dr

tni1
n+1 t
= (yo + ) ey, —/ e_aTl(l‘(T),u(T))dT>
k=1 0

and when t = t,,.5, we take
T(tnt2) = T(Ttat2) + e
Y(tny) < yY(Ttnt2) + Moo
n+1 tnt2
e (s 32— [ Ut ulrr )+

k=1

n+2 tn+2
= e (o 2o = [ e a(r),utr)ir
0

k=1

Therefore, a run to the impulse differential inclusion (G, 1+ Hyp(—w)) viable
in K x R, satisfies

z(t) = xo+ kzi: & + /Ot flz(r),u(r))dr

Vite [tn7 tn+1[7 n t
oty(t) + > e el + [ eI, u(r)dr < g
k=1

and, at switching times ¢,,,1,
n+1 n+1
i>x%H__m+z@+/ u(r))dr

n+1

i) %w%4+ikﬁwg+/ e Ua(r), u(r)dr < yo

Since the run (z(-),y(+)) is viable in K x R, we infer that y(¢) > 0, and thus,
that

n

t
Ve [t tunl Yo e w(e) + [ e ila(r) u(m)dr < yo
k=1
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The run cannot stop in finite time ¢, where t,,; = ¢, for any j € N. Indeed,
in this case, we would obtain

n—1

Ze’at’vw(ﬁk)jLe*“t" w(&ntj) —i—/ T (x(7),u(T))dr < Yo

k=1
Since w(&y,) > ¢ = infyw(y) > 0, the left hand-side of the above inequality
would go to +00 whereas the right hand-side is bounded.

We denote by nlt] the largest switching time smaller than or equal to t. Since
the cost function w and the Lagrangian [ are nonnegative, the function

nlt]

> e (e + /0 eI (r), u(r))dr

is non decreasing, so that, taking the limit when ¢ — +o00, we infer that the
optimal cost function

V. fiw) (T) =

inf (Ze () + | o eaTz(x(T),u(T))dT>

(@()u(NERE ;1 ()
satisfies
virsiw) (o) < Yo

Therefore, the reset kernel of K x R, is contained in the epigraph of the value
function v(p £, w)-

Under the assumptions of the theorem, the infimum in the optimal control
problem

Vpfiw) (T Z e Mhw (&) +/ e "l(z(r),u(r))dr

is achieved at some run (z(-),a(-)). We set for all t € [t,,, t,1],

n

¢
y(t) == e"Vp 1wl Ze“(t te) vy / Dz (1), a(r))dr
0

and we deduce that the pair (Z(-),7(:)) is a run of the impulse differential
inclusion (2'(t),y'(t)) € G(x(t),y(t)) viable in Ep(v(pf,w)). This implies that
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the graph of the value function v(p;w) is contained in the reset kernel of
K x R, so that the epigraph of the value function is actually equal to this
reset kernel.

We also deduce that the runs viable in the epigraph of the value function are
the runs satisfying

(a) for any switching time ¢,, we have y(7t,) = v(piw)(z("t,)) and

{V(P,f,z,w)(x(tn)) = v riw) (@(Tt) + &)
< y(tn) = y(Tta) + 1m0 < Vieiw(@(Tta) — w(éa)

and thus

{ (V(Pf,z,w) *w)(2(7t,))
< vesiw) (@(Tt) + &) + W) < vesiw (@(Tt))

(b) for any t € [t,, t,i1],

e~ vppiw((t) < e y(t) =

n

¢
V(P.f,lw) (x0) Z at’“w (Mk) /Oe_aTl(:L‘(T),U(T))dT

This amounts to saying that for every ¢ € [t,, tpi1],
n t
2(t) = 2+ 6t / f(@(r),u(r))dr
67 (Pflw) t) + Ze atkW ék +/ aTl ( ))dT
< vprw) (o)

Therefore, the optimal runs are the runs of the of the impulse differential
inclusion (2'(t),y'(t)) € G(x(t),y(t)) viable in Ep(vipsiw)). O

The epigraph of the value function of an optimal impulse control problem
being the reset kernel under an impulse differential inclusion, it enjoys the
characterizations and the properties of reset kernels which we now translate
in the control framework.
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4.4 Characterizations of the Value Function

Since under the assumptions of Theorem 4.3.1, the epigraph of the value func-
tion of an optimal impulse control problem is the reset kernel of K x R,
under (G, 1+ Hyp(—w)), we can translate the properties of reset kernels into
corresponding properties of the value function.

We begin by introducing notations of nonsmooth analysis: We shall denote by
u|g, the restriction of u to K, the function equal to u on K and to +o00 outside
K. We recall that the epiderivative of the restriction of u to K at x € K is
the restriction of the epiderivative to the contingent cone

Vo e K, Dulg(x) = Du(r)|r )

under constraint qualification assumptions when u and K are convex and un-
der transversality conditions in the nonconvex case. See for instance Chapter 6
of [31, Aubin & Frankowska] for more details. We also recall that the subdif-
ferential of the restriction of u to K at x € K is the sum of the subdifferential
and of the normal cone

VeeK, 0-ulg(r) = 0-u(x)+ Nk(z)

under constraint qualification assumptions when u and K are convex and
under transversality conditions in the nonconvex case.

We also need to assume that X x R, is a repller under G: This is the topic
of the following

Lemma 4.4.1 Assume that the Lagrangian is nonnegative. The closed subset
X x Ry is backward invariant under G and the closed subset K x R, is
backward invariant under G if and only if K is backward invariant under the
control problem (4.1). It is a repeller under G whenever

+oo
VSL’GX, inf / eiaTlIT7uT dr — 400

One can provide a sufficient condition for X x R, to be a repeller under the
auxilairy differential inclusion G:
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Lemma 4.4.2 Let us assume that

i) infoex infuepg) SHED > A(||z]| + 1)
it) infyex infuep) l(z,u) > 0(||z] +1)

If a <y, then X x Ry is a repeller.
Proof — Let (z(:),y(-)) be a solution to the differential inclusion (2’,y') €
G(z,y) starting from (xg,yo). Therefore

d t x(t)

x = (2 z(t) z(t),u T
a0 = (#0200 = (Fe@.ue), 200 ) = a0+ 1)

so that

V>0, [lz@)l = e(zoll +1) -1

Furthermore, since
Wz(7),u(r)) = o([la(T)l| +1) = o([lzoll + 1)
and since .
ehy(t) = yo— [ e Ua(r),ulr)dr
0

we infer that
—a t —a)r 5 T + 1 By
ely(t) < yo— 8lllaoll +1) [ €O LI R RCRTY
0 v —a
Consequently, if a < v

ety(t) < yo+ O(lloll +1)  0llzoll +1) -ae
- Y —a Y —a

so that y(t) becomes negative in finite time. O

We now have in our hands all what we need to prove the following

Theorem 4.4.3 We posit the assumptions of Theorem 4.3.1 and we assume
that w is coercive, that inf,cx w(y) > 0 and that

+o0
VrekK, inf / e l(x(r),u(r))dr = 400
(z()u(-))eSr(x) Jo
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Then the value function vV := V(p ;1w of the optimal impulse control problem
(4.1) under the Lagrangian | and the cost function w defined by

v (T) = V(p7f’l’w)($) =

inf (Ze () + [ o eaTz(x(T),u(T))dT>

(=()u(NERK, | ) (@)
18 the solution to the problem
Voo = Iippiy(Voo x W)
i.e., for every x € Dom(vy)
Vo(z) = inf)w u(-))ES(p,py () inft>0 infyex

(wt (Vaela(t) +y) + W(y)) + / o7y (T))dT)

It is equal to the epigraphical limit of the increasing sequence of functions v,
defined recursively* by vy := 0 and

Vit (z) = max( n(2),inf(, ())eS(pf> )inftzoinfyex

(e valalt) +9) + W) + / i), u(r)dr )

It is the smallest of the nonnegative lower semicontinuous functions v : K —
R U {+o0} satisfying the inequalities

v(z) > inf(, w()ES(p.p () >0 1nfy6X

<e_“t( (x ()+y +w(y +/ T (x (T))dT)

It is also characterized as the smallest of the nonnegative lower semicontinuous
functions v : K — RU{+o0} satisfying for every x € K:

) 0 < V@) < (viw)a)
it) ifv(z) < (v*w)(x),
inf,cp@) (Dyv(e)(f(z,u) + l(z,u) —av(z) < 0

4Compare with [208, Tartar], reproduced in Chapter 15 of [6, Aubin].
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Introducing the Hamiltonian defined by
H(z,y,p) == sup ({p, f(z,u)) +(z,u)) —ay = o(G(z,y),(p,—1))

u€P(x)
the value function is also characterized as the smallest of the nonnegative lower
semicontinuous functions v : K — R U {400} satisfying for every x € K

i) 0 < v(x) < (vsw)(z)
it) ifv(z) < (vsw)(z), Vped_v(z), H(z,v(z),p) > 0
and V p € 02|k (x), o(f(z, P(z)),p)

If we assume furthermore that P, f andl are Lipschitz and that K is backward
invariant under the control system (4.1), then the value function is the unique
Frankowska solution v : K +— R, U {400} to the system of “differential
inequalities”: for every x € K,

i) 0 < v(z) < (vew)(z)
1) SUPye oy (Dyvlx (2) (—f (2, w) — 1@, w)) + a(z) < 0
i) if v(z) < (v*w)(z),

inf,cp@) (D1v|k(2)(f(z,u)) +1(z,u) +av(z) < 0

Or, equivalently, it is the unique solution to the system

i) 0 < vz < (vew)(z)

it) Vpeodvlg(x), H(x,v(z),p) <0
and V p € 02°v(z), o(f(z,P(z)),p) < 0

i) it v(z) < (vew)(z), ¥pedvix), Hv(z),p) =0
and V p € 0%v|k(z), o(f(z,P(z)),p) = 0

which can reformulated in the form of “quasi variational inequalities”:

i) 0 < v(z) < (vew)(x)

it) Vpedv|g(r), H(xz,v(z),p
and V p € 0°v(z), o(f(x, P(

iii) ¥ ped-vlg(r), H(z,v(z)p

Knowing the value function v, we introduce the two regulation maps Ry p)
and Ry, defined by

R p)(z) == {ue P(z)| Div(z)(f(z,uw) + (z,u) —av(z) <0}
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and
Rw(z) == {ye X [v(y) +w(y —z) = (v=w)(z)}

Therefore, an optimal run is obtained in the following way’: Starting from xg
such that v(xo) < (v *xw)(xq), we choose a solution to the control system

{ i) @t

i) u(t) e_ (w £))

until the time t, > 0 when v(z(7t1)) = (v*w)(x(7t1)).

At this stage, we take for reinitialized sate x1 € Ry (xz(7t1), and we reiterate
the process.

When the value function is continuous and when P, f and [ are Lipschitz, one
can deduce from [17, Aubin] that the backward invariance of the epigraph of
v under G is equivalent to the invariance of the hypograph of v under G. In
normal form, this amounts to saying that

Vped_v(x), H(z,v(z),p) <0

is equivalent to
\V/p € 8+V(ZE), H(I’,V(QT), _p) Z 0

where 0, v(z) := —0_(—v)(x). This means that the value function is a viscosity
solution (in the sense of [89, Crandall & Lions P.-L.]) to the quasi variational
inequalities. For proofs of abstract theorems on existence of solutions to quasi
variational inequalities, we mention the theorem [139, Joly & Mosco], derived
(simply) from the Ky Fan inequality in [6, Aubin], and naturally, the book
[54, 55, Bensoussan & Lions J.-L.].

5The subset {x € K | v(z) < (v * w)(x)} is called the continuation set and the subset {z €

K |v(xz) = (v«w)(z)} is called the stopping set.



Chapter 5

Discrete Systems

5.1 Set-Valued Maps

Let X be a finite dimensional vector space whose unit ball is denoted by B
(or By if the space must be mentioned). We denote by

di(w) = d(w,K) = inf o~y
the distance from x to K, where we set d(x,()) := +oo. The ball of radius
r > 0 around K in X is denoted by

Bx(K,r) = {ze€ X | d(z,K)<r} = K+rBx
When there is no ambiguity, we set
B(K,r) := Bx(K,r)

The balls B(K,r) are neighborhoods of K. When K is compact, each neigh-
borhood of K contains such a ball around K.

We set
K¢ := X\K = the complement of K and K\B := KN B¢

We denote by K the closing of K, by ]O( or Int(K) its interior, by

K = X\Int(K) = X\

95
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the complement of the interior of K and by

0K = R\K= KnK = KNX\

its boundary.

Definition 5.1.1 Let X and Y be two spaces. A set-valued map F from X
to Y is characterized by its graph Graph(F'), the subset of the product space
X XY defined by

Graph(F) = {(z,y) e X xY | y € F(x)}

We say that F(z) is the image or the value of F' at x.

A set-valued map is said to be nontrivial if its graph is not empty, i.e., if there
exists at least an element v € X such that F(x) is not empty.

We say that F is strict if all images F(x) are not empty. The domain of F is
the subset of elements x € X such that F(x) is not empty:

Dom(F) := {z € X | F(x)#0}

The image of F' is the union of the images (or values) F(x), when x ranges
over X:

Im(F) = |J F(z)

zeX

The inverse F~1 of F is the set-valued map from'Y to X defined by

r€F(y) <= ye€ F(z) <= (v,y) € Graph(F)
If K C X and F: K ~Y 1is a set-valued map defined on K, we shall always

extend it to a map (again denoted by) F : X ~ Y defined on the whole space
X by setting F(x) := 0 whenever x ¢ K.

We observe at once that

F (U K,-> _ R

el el
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We shall emphasize the characterization of a set-valued map (as well as single-
valued map) by its graph. This point of view has been coined the graphical
approach by R.T. Rockafellar.

The domain of F is thus the image of F~! and coincides with the projection of
the graph onto the space X and, in a symmetric way, the image of F' is equal
to the domain of F'~! and to the projection of the graph of F' onto the space
Y.

Sequences of subsets can be regarded as set-valued maps defined on the set N
of integers.

We associate with any shape K C X its indicator W, which is the set-valued
map from the vector space X to another vector space Y defined by

0 if reK
V() :{Q) if v¢ K

the graph of which is equal to K x {0}.

Definition 5.1.2 Let P be a property of a subset (for instance, closed, convet,
etc..) Since we do emphasize the interpretation of a set-valued map as a graph
(instead of a map from a set to another one), we shall say as a general rule
that a set-valued map satisfies property P if and only if its graph satisfies it.

For instance, a set-valued map is said to be closed (respectively convez, closed
convez, measurable, etc. if and only if its graph is closed (respectively conver,
closed convex, measurable, etc.)

If the images of a set-valued map F are closed, convex, bounded, compact,
and so on, we say that F' s closed-valued, convex-valued, bounded-valued,
compact-valued, and so on.

When * denotes an operation on subsets, we use the same notation for the
operation on set-valued maps, which is defined by

Fl *FQI T ~ Fl(x)*Fg(m)

We define in that way FiNFy, F1UFy, Fy+ F, (in vector spaces), etc. Similarly,
if o is a power map from the subsets of Y to the subsets of Y, we define

alF): z ~ ofF(x))
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For instance, we shall use F, co(F), etc., to denote the set-valued maps x ~»

F(z), 2~ co(F(z)), etc.

We shall write
F ¢ G < Graph(F) C Graph(G)

and say that GG is an extension of F'.

Let us mention the following elementary properties:
i) FGUK,) = F(K)UF(K)
i) F(Ki1NKy) ¢ F(K;)NF(Ky)

i) F(X\K) > Im(F)\ F(K)

7;1)) Kl C KQ — F(Kl) C F(KQ)

5.1.1 Inverse Images and Cores

There are two manners to define the inverse image by a set-valued map F' of
a subset M:

Definition 5.1.3 The subset F~'(M) defined by
FH (M) = {z | Fla)yn M 0}
is called the inverse image of M by F and the subset FE*(M) defined by
FOYM) == {z | F(z) ¢ M}
1s called the core of M by F.

They naturally coincide when F' is single-valued. So, we can associate with a
set-valued map F : X ~ Y two power maps F'~! and F©!, the inverse and the
core of F.

We observe at once that

FOUY\ M) = X\ FYM) & FY(Y\M) = X\ F'(M)
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and

F! (U Ki> = UF (K & F®! (ﬂ KZ-> = (N FPN(K;)

iel i€l i€l i€l

5.1.2 Graphical Restrictions

Definition 5.1.4 Let us consider a set-valued map F : X ~ Y and a subset
K C X and L C Y. We shall associate with F' and these two subsets its
graphical restriction FH{; to K x L defined by

L
Fi 10 if v¢ K

() __{ Fz)nL if re K
the graph of which is equal to
Graph(F) = Graph(F) N (K x L)
Thereore
(F)™ = (Fh
We observe that when M C X and P C Y,

Fle(M) = FIMNK)NL & (Fi)™(P) = KnF(PNL)
and in particular, that Dom(FHI?) = KNF (L) and Im(F||I];) =F(K)NL.
We set FIF .= F{, defined by FI*(z) = F(x)N L, and F|x .= Fly

Fir(e) — { A
restriction of F' to K, so that

{ i) FE(M):=FM)NL & Fg(M) = F(K
i) (F")7N(P) == F7Y(PNL) & (Fg)™(P) :

M)
KN F-(P)

>

We thus deduce the following statement:

Lemma 5.1.5 Let F': X ~ X be a set-valued map and K C X a nonempty
subset. Then F||1[<( 1s a set-valued map the domain of which is equal to K N
F~YK) and the image of which is F(K)N K.
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5.1.3 Composition of Maps

One can conceive as well two dual ways for defining composition products of
set-valued maps (which coincide when the maps are single-valued):

Definition 5.1.6 Let X, Y, Z be metric spaces and
G: X ~Y & H:Y ~ 7

be set-valued maps.

1 —  The usual composition product (called simply the product) H o G :
X~ Z of H and G at x 1is defined by

(HoG)(x) = | H(y)

yeG(z)
2 —  The square product HOG : X ~ Z of H and G at x is defined by

(HOG)(z) == () H(y)

y€G(v)

Let 1 denote the identity map from one set to itself. We deduce the following
formulas
Graph(H o G) = (G x 1)7'(Graph(H))
= (1 x H)(Graph(Q)) (5.1)
Graph(HOG) = (G x 1)™(Graph(H))

as well as formulas which state that the inverse of a product is the product of
the inverses (in reverse order):

{z‘) (HoG)'(z) = GNH =) = (G oH)(2)
i) (HOG)™'(z) = GH(H(2))

We also observe that

{z) r € (HOG)'(2) <+ G) c H Y2

it) z € (GT'OHY)(2) < H'(2) C G(z)
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and thus, that
G(x) = H'(2) —= z € (GT'OH ) (2) N (HOG) '(2)
Let us also point out the following relations: When M is a subset of Z, then
i) (HoG)™Y(M) = GT/(H(M))

it) (HoG)"'(M) = GH(H*'(M))

5.2 Limits of Sets

5.2.1 Definitions

Limits of sets have been introduced by Painlevé in 1902 before the formal-
ization of metric spaces by Frchet in 1906, and thus, without the concept
of topology. They have been popularized by Kuratowski in his famous book
ToOPOLOGIE and thus, often called Kuratowski lower and upper limits of se-
quences of sets. They are defined without the concept of a topology on the
power space.

Definition 5.2.1 Let (K, ),en be a sequence of subsets of a metric space E.
We say that the subset

Limsup,, K, = {a: € E | liminfd(z, K,) = O}
1s the upper limit of the sequence K,, and that the subset
Liminf, K, = {z € E | lim,_.d(z, K,) =0}

1s its lower limit. A subset K s said to be the limit or the set limit of the
sequence K, if

K = Liminf, K, = Limsup,_, K, =: Lim, K,

Lower and upper limits are obviously closed. We also see at once that

Liminf, K, C Limsup,,_, . K,
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and that the upper limits and lower limits of the subsets K, and of their
closures K,, do coincide, since d(x, K,,) = d(x, K ).

Any decreasing sequence of subsets K, has a limit, which is the intersection
of their closures:

if K, CK,, when n>m, then Lim, .. K, = (| K,

An upper limit may be empty (no subsequence of elements x, € K, has a
cluster point.)

Concerning sequences of singleta {z,}, the set limit, when it exists, is either
empty (the sequence of elements x,, is not converging), or is a singleton made
of the limit of the sequence.

It is easy to check that:

Proposition 5.2.2 If (K, ).eN is a sequence of subsets of a metric space, then
Liminf, K, is the set of limits of sequences z,, € K,, and Limsup,,_, I, is
the set of cluster points of sequences x,, € K,,, i.e., of limits of subsequences
Tp € K.

In other words, upper limits are “thick” cluster points and lower limits “thick”
limits.

5.2.2 Calculus of Limits

Theorem 5.2.3 Let us consider sequences of subsets L, and M, of a metric
space and assume that there exists a compact subset M satisfying the following
property:

for any neighborhood W of M, 4 N such that Vn > N, M, CW

Then, for any neighborhood U of M N (Limsup,,_, ., L), there exists an integer
N such that L, N M, C U whenever n > N.

Proof — If the neighborhood U contains M, the result follows from the
assumption on M. Otherwise, by taking an open neighborhood U, the sub-
set K := M\U is not empty, disjoint of Limsup,_,. L, and is compact by
assumption.
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Let y belong to K. Since y does not belong to Limsup,, ., Ly, there exist
g, > 0 and N, such that, for all n > Ny, y does not belong to B(L,,¢,). The
subset K being compact, it can be covered by p balls B(y;,,,). This implies
that for all n > Ny := max;—;

p

Vo= U B(yi7€yi)
i=1

the intersections L, N} are empty.

On the other hand, W := U UV being a neighborhood of M, we deduce from
the assumption that there exists N; such that

VTLZNl, Mn cCUuy
Therefore L, N M,, C U for all n > max(Ny, N;). O

It implies the following result:

Theorem 5.2.4 Let K be a subset of a metric space E satisfying the following
property:

for any neighborhood 4 of K, 3 N such that Vn >N, K, CU
Then Limsup,, K, C K.

Conwversely, if E is compact, then the upper limit Limsup,, . K, enjoys the
above property (and thus, is the smallest closed subset satisfying it.)

We point out the following obvious properties:

Proposition 5.2.5 Let K,,, L,, K, (i=1,...,p) be sequences of subsets of
a metric space. Then

i)  Limsup,,_,(K,NL,) <C Limsup,_ K, N Limsup,_ L,
i1)  Liminf, (K, N L,) C Liminf, K, N Liminf, L,
iti) Limsup,,_ . (K,UL,) = Limsup,_, K, U Limsup,_, . L,
iv) Liminf, (K, UL,) DO Liminf, K, U Liminf, L,

. p y p . >
v)  Limsup,_ . ITl.; K C ?_, Limsup,,_, . K}

vi) Liminf, .. [[?_; K! = [I’_, Liminf, ., K’



104

We need also to relate direct and inverse images of upper and lower limits of
a sequence of subsets to the upper and lower limits of their direct and inverse
images. We mention now the obvious relations and refer to SET-VALUED
ANALYSIS, [31, Aubin & Frankowska] for the proofs of criteria which transform
some of the following inclusions to equalities.

Proposition 5.2.6 Let K,, be a sequence of subsets of a metric space £, M,

be a sequence of subsets of a metric space Y and f : E —Y be a (single-valued)
continuous map. Then

i) f(Limsup,,_,Kp,) C Limsup,,_, . f(Kp,)
it)  f(Liminf, . K,) C Liminf,, . f(K,)

i) Limsup,_f'(M,) < f~'(Limsup,_,M,)

i) Liminf, .o f~Y(M,) <C f~!'(Liminf, . M,)

Converse results hold true under adequate assumptions (see Chapter 1 of SET-
VALUED ANALYSIS, [31, Aubin & Frankowska, |).

5.2.3 Semi-Continuous Maps

We first need to adapt to the set-valued case the concept of continuity. There
are two equivalent definitions of a continuous map f at x, the “c —n” definition
and the fact that f maps every sequence x, converging to x to a sequence
f(z,) converging to f(z). Unfortunately, the natural generalizations of these
statements to set-valued maps are no longer equivalent.

First, let us introduce these statements:

Definition 5.2.7 A set-valued map F : X ~ Y is called
— upper semicontinuous at x € X if and only if for any neighborhood U of
F(z),

In >0 such that V' € Bx(z,n), F(z') CU.

It is said to be upper semicontinuous if and only if it is upper semicontinuous
at any point of X.
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— lower semicontinuous at x € Dom(F) if and only if for any y € F(z)
and for any sequence of elements x,, € Dom(F) converging to x, there exists
a sequence of elements y, € F(x,) converging to y. It is said to be lower
semicontinuous if it is lower semicontinuous at every point x € Dom(F).

—  continuous at x € Dom(F) if it is both upper semicontinuous and lower
semicontinuous at x, and that it is continuous if and only if it is continuous
at every point of Dom(F).

Indeed, there exist set-valued maps which enjoy one property without satisfy-
ing the other.

Examples — The set-valued map F} defined by

o [—1,4+1] if x#0
Fi(z) = { {0} it =0

is lower semicontinuous at zero but not upper semicontinuous at zero.

The set-valued map F5 : R~ R defined by

o {0} if x#0
Folw) = { —1,41] if 2=0

is upper semicontinuous at zero but not lower semicontinuous at zero. O

Remark — Let us point out that F' : X ~» Y s upper semicontinuous if
and only if Dom(F') is closed and if the restriction F' : Dom(F) ~ Y is upper
$emicontinuous.

Indeed, if F' is upper semicontinuous and F'(zy) is empty, we take two disjoint
neighborhoods of F'(xg), so that the upper semicontinuity of F' at xy implies
the existence of a neighborhood of xy which is mapped by F' into this empty
intersection of neighborhoods. This shows that the complement of the domain
of F' is open. The restriction of F' to its domain is then obviously upper
semicontinuous.

The converse statement is easy. 0O

The connections between semi-continuity of set-valued maps and set limits are
given by
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Proposition 5.2.8 A point (x,y) belongs to the closure of the graph of a
set-valued map F : X ~ Y if and only if

y € Limsup, _, F(2)
and F' is lower semicontinuous at x € Dom(F') if and only if

F(z) C Liminf, ., F(z')

Then we can measure the lack of closedness (of the graph) or the lack of lower
semicontinuity by the discrepancy between the sets

F(z), Liminfy_,F(z") and Limsup, _ F(z)

Remark —  This proposition led several authors to call upper semicontinuous
maps the ones which are closed in our terminology. Naturally, these two concepts
coincide for compact-valued maps, since Theorem 5.2.4 can be easily adapted to the
case of set-valued maps:

We can use the concepts of inverse images and cores to characterize upper and lower
semicontinuous maps:

Proposition 5.2.9 A set-valued map F : X ~ Y is upper semicontinuous at x if
the core of any neighborhood of F(x) is a neighborhood of x and a set-valued map is
lower semicontinuous at x if the inverse image of any open subset intersecting F(x)
s a neighborhood of x.

Hence, F' is upper semicontinuous if and only if the core of any open subset is open
and it is lower semicontinuous if and only if the inverse image of any open subset
1S open.

If Dom(F) is closed, then F is lower semicontinuous if and only if the core of any
closed subset is closed and F is upper semicontinuous if and only if the inverse image
of any closed subset is closed.

Lemma 5.2.10 Let assume that K is a closed subset, that F' : X ~ Y is upper
semicontinuous and that

Vze K, F(r)n(L+ B) is compact

where B is the unit ball.
Then, for every closed subset M C L, the subset K N F~1(M) is closed.
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Proof — Indeed, let us consider a sequence z,, € (Fl‘lg)_l(M) = KnNFYM)
converging to x, with which we associate a sequence y, € M N F(x,). Since F' is
upper semicontinuous, we know that for n large enough, F(z,) C F(x)+ B, so that
yn belongs to the set F(z) N (L + B), which is compact by assumption. Hence a
subsequence (again denoted by) y, converges to some y € F(x) N M. Therefore y

belongs to (F‘Ifg)_l(M), which is thus closed. O

We know that the graph of a continuous (single-valued) map is closed and

that the converse is true under further assumptions (when we assume that the
image of f is relatively compact, for instance.)

This result can be extended to upper semicontinuous set-valued maps. Closed
set-valued maps almost characterize upper semicontinuous set-valued maps,
as the following result shows.

Proposition 5.2.11 The graph of an upper semicontinuous set-valued map
F X ~ Y with closed values is closed.

The converse is true if we assume that the domain of F is closed and that Y
18 compact.

This will be particularly useful since it provides an easy way to construct
upper semicontinuous set-valued maps, by intersecting closed set-valued maps
with closed balls, the radii of which are upper semicontinuous (real-valued)
functions:

Corollary 5.2.12 Let F: X ~ Y be a closed set-valued map and r : X — R
be an upper semicontinuous function. If the dimension of Y is finite , then the
cut set-valued map F, : X ~'Y defined by

F.(z):=F(x)Nr(z)B (5.2)

1§ upper semicontinuous.

It follows from Proposition 5.2.11 and the remark that the upper semiconti-
nuity of r : X — R implies the upper semicontinuity of x ~» r(z)B.
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5.2.4 The Marginal Selection

Theorem 5.2.13 (Maximum Theorem) Let us consider metric spaces E,
F and a function U : E x F +— R, the marginal function

VH(K,y) = supU(z,y)

zeK
and the marginal map Mg defined by
M{(K,y) = {z € K |[U(z.y) = V(K.y) }

Let K,, C E be given and a sequence of 1y, converging to some y € F.

(a) If U is lower semicontinuous and if K" := Liminf, . K,,, then

VHK,y) < liminf V(K y,)

(b) If U is upper semicontinuous, if K* := Limsup,, .. K, and if E is com-
pact, then
limsup VF(K,,, y,) < VH(K"y)

n—oo

Furthermore, if U is continuous, E is compact, then

Limsup,, .. M5 (K, yn) C M}i](LimsuanooKn,Jiﬁrgoyn)

Proof — Let us consider a sequence y,, converging to y, fix A < V#(K’, y)
and choose x € K” such that A < U(x,%). Then there exist elements z,, € K,
converging to x and we know that U(z,,y,) < V#(K,,y,). Since U is lower
semicontinuous, we infer that

A < Uz,y) < liminfU(z,,y,) < liminf VH(K,, y,)

n—oo n—oo

By letting A converge to V#(K”°,y), the claim ensues.

For proving the second statement, pick y € F' and fix € > 0. Since U is upper
semicontinuous, we can associate with any x € K* open neighborhoods V()
of z and U, (y) of y such that

Vy, € U(y) and z, € V(2), U(n,yn) < Ulz,y) +¢ (5.3)
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Since K* is compact, it can be covered by p neighborhoods V(z;), i = 1,---,p,
the union of which makes up a neighborhood of K* Then there exists an
integer N > 0 such that

P
Vn>N, K, C |JV(z;)

1=1

by Theorem 5.2.4. By taking v, in the neighborhood

p
Uly) = [ Us,(y)
i=1
we observe that

Yy, €UY), V1, €K, Ulxn,y,) < sup Ulzi,y)+e < VHE! y)+¢
1=1,-,p

(thanks to (5.3)) and we deduce that

Vo, €Uy), VHEKnyn) < VK y)+e
Finally, Mg(Kn,yn) = K, N M, where

M, = {35 € E|U(z,y,) < Vﬁ(Kn,yn)}
If U is continuous and if F is compact, we infer that

Limsup,, . M, C M* = {1: €E|U(z,y) < Vﬁ(K’j,y)}
Theorem 5.2.3 implies that
Limsup, . (K,NM,) ¢ K*nM*" = MYK* y) O

It may be useful to introduce the following definition:

We deduce the continuity properties of the marginal maps.

Definition 5.2.14 (Marginal Functions) Consider a set-valued map F' :
X ~ Y and a function U : Graph(F) — R. We associate with them the
marginal function V*: X — R defined by

Vi) = sup Ulz,y)

yel(z)
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Theorem 5.2.15 (Maximum Theorem) Let metric spaces X, Y, a set-
valued map F : X ~Y and a function U : Graph(F) — R be given.

— IfU and F are lower semicontinuous, so is the marginal function V*.

— If U and F are upper semicontinuous and if the values of F are
compact, so is the marginal function V*.

The proof, analogous to the proof of Theorem 5.2.13, is an exercise of topology
which is found in many books.

We will use the following corollary quite often:

Corollary 5.2.16 If a set-valued map F is lower semicontinuous (resp. upper
semicontinuous with compact values), then the function (x,y) — d(y, F(z)) is
upper semicontinuous (resp. lower semicontinuous.)

5.2.5 Contingent Cones

Definition 5.2.17 Let K C X be a subset of a normed vector space X and
x € K. Since the contingent cone Tk (x) is the set of elements v such that
there exists a sequence of elements h, > 0 converging to 0 and a sequence of
v, € X converging to v satisfying

Vvn>0, v+ hywv, € K

we deduce that the contingent cone Tk (z) is the upper limit of the subsets
(K —x)/h (regarded as “set differential quotients”)
K—=x

Tk(x) = Limsup,HoJrT

Therefore Tk (x) is always a closed cone of “tangent directions” (which is
convex when K is convex or, more generally, when the contingent cone is lower
semicontinuous! at this point, a vector space when K is a smooth manifold).

1See SET-VALUED ANALYSIS, [31, Aubin & Frankowska]. A subset K is said to be sleek at
x € K is Tk(-) is lower semicontinuous at this point. A convex subset K is sleek at each of its
points.
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We introduce the following notation?:

o edig(z+ hw) — di ()
Didg(x)(v) = hhrg(l)Ef 7

We observe that when x € K, a direction v is contingent to K at x if and only

Lemma 5.2.18 Let K be a closed subset of a finite dimensional vector-space
and Ik (y) be the set of projections of y onto K, i.e., the subset of z € K such
that ||y — z|| = dx(y). Then the following inequalities:

Didi(y)(v) < d(v,co(Ti(Tk(y))))

hold true.

Proof — Choose z € llx(y). Then

die(y + hv) —dr(y) _ |y =2+ hw| —[ly — 2|
h - h

from which we deduce, letting h go to 0,

D)) < (=250

v
ly — =l

Taking w € Tk (z) and recalling that (y — z,w) < 0, we infer that

VweTk(z), Didr(y)(v) < <Hz:z||,v—w>

This inequality is also true for any w € ¢o(Tk(z)), so that

Dyd(y)(v) < d(v,co(Tk(z))) B

2this is the contingent epiderivative of the distance functions dg. See SET-VALUED ANALYSIS,
[31, Aubin & Frankowska]) for further details.
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5.2.6 Graphical Convergence of Maps

Definition 5.2.19 Let us consider a sequence of set-valued maps F, : X ~»
Y. The set-valued map F* := Lim*,_..F, from X toY defined by

Graph(Lim*, .o F,) := Limsup, .. Graph(F})

is called the (graphical) upper limit of the set-valued maps F,.

Even for single-valued maps, this is a weaker convergence than the pointwise
convergence:

Proposition 5.2.20

(a) If f, : X — Y converges pointwise to f, then, for every x € X, f(x) €
fi(x). If the sequence is equicontinuous, then f*(x) = {f(x)}.

(b) Let Q C R™ be an open subset. If a sequence f, € LP()) converges to f
in LP(Q), then

for almost all z € Q, f(z) € f*(x)
(c¢) If a sequence f, € LP(Q2) converges weakly to f in LP(Q), then

for almost all z € w, f(r) € cof?(x)

5.2.7 Contingent Derivatives of Set-Valued Maps

Let F': X ~ Y be a set-valued map. We introduce the differential quotients

F(x + hu) —vy

u ~ VpF(z,y)(u) = .

of a set-valued map F : X ~ Y at (z,y) € Graph(F).

Definition 5.2.21 The contingent derivative DF (z,y) of F' at (x,y) € Graph(F)
is the graphical upper limit of differential quotients:

DF(z,y) = Lim%, o, Vi F(z,y)



113

In other words, v belongs to DF(x,y)(u) if and only if there exist sequences
h, — 0%, u, — u and v,, — v such that Vn >0, y+ h,v, € F(x + hyu,).

In particular, if f : X +— Y is a single valued function, we set Df(z) =

Df(z, f(x)).

We deduce the fundamental formula on the graph of the contingent derivative:

Proposition 5.2.22 The graph of the contingent derivative of a set-valued
map is the contingent cone to its graph: for all (z,y) € Graph(F),

Graph(DF(x, y)) = TGraph(F) (iL‘, y)

Proof — Indeed, we know that the contingent cone

. Graph(F) — (z,y)
TGraph(F) (5137 ?J) = leSllp;HOJr N

Graph(#)—(z,)
h

is the upper limit of the differential quotients when h — 04.

It is enough to observe that

Graph(F) — (z,y)

Graph(V,F(z,y)) = N

and to take the upper limit to conclude. O

We can easily compute the derivative of the inverse of a set-valued map F' (or
even of a noninjective single-valued map): The contingent derivative of the
wmverse of a set-valued map I is the inverse of the contingent derivative:

D(FY)(y,z) = DF(x,y)~"

If K is asubset of X and f is a single-valued map which is Fréchet differentiable
around a point # € K, then the contingent derivative of the restriction of f to
K is the restriction of the derivative to the contingent cone:

D(f|x)(x) = D(fx)(z, f(x)) = f'(2)|re @)
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5.2.8 Extended Functions and their Epigraphs

For reasons motivated by optimization theory, Lyapunov stability, control the-
ory, Hamilton-Jacobi equations and variational inequalities and mathematical
morphology, the order relation on R is involved. This leads us to associate
with an extended functions u : X — R U {400} its epigraph instead of
its graph. It actually happens that the properties of the extended functions
u: X — RU{+o0o} are actually properties of their epigraphs. This “epigraph-
ical point of view” is the key to “variational analysis” and to our treatment of
Hamilton-Jacobi inequalities.

A function v : X +— R U {400} is called an extended (real-valued) function.
Its domain is the set of points at which v is finite:
Dom(v) = {z € X | v(z) < +o0}

A function is said to be nontrivial if its domain is not empty. Any function
v defined on a subset K C X can be regarded as the extended function vg
equal to v on K and to +o0o outside of K, whose domain is K.

Since the order relation on the real numbers is involved in the definition of the
Lyapunov property (as well as in minimization problems and other dynamical
inequalities), we no longer characterize a real-valued function by its graph, but
rather by its epigraph indexepigraph

Ep(v) = {(z,\) e X xR | v(z) < A}
The hypograph of a function v : X — R U {—o0o} is defined in a symmetric
way by
Hyp(v) = {(z,A) € X xR |v(z) =2 A} = =Ep(-v)
The graph of a real-valued (finite) function is then the intersection of its epi-
graph and its hypograph.

We also remark that some properties of a function are actually properties of
their epigraphs. For instance, an extended function v is convex (resp. posi-
tively homogeneous) if and only if its epigraph is convez (resp. a cone). The
epigraph of v is closed if and only if v is lower semicontinuous:

VeeX, v(z) = liryrgi:{lfV(y)

We recall the convention inf(()) := +oc.
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Lemma 5.2.23 Consider a function v : X — R U {£oo}. Its epigraph is
closed if and only iof
Ve € X, v(z) = liminfv(z’)

Assume that the epigraph of v is a closed cone. Then the following conditions
are equivalent:

i) Vz e X, v(r) > -

it) v(0) =0

iii) (0,—1) ¢ Ep(v)

Proof — Assume that the epigraph of v is closed and pick z € X. There
exists a sequence of elements z,, converging to x such that

lim v(z,) = liminf v(z’)

n—00 ' —x
Hence, for any A\ > liminf, ., v(z’), there exist N such that, for all n > N
v(z,) < A, ie., such that (x,,\) € Ep(v). By taking the limit, we infer that
v(z) < A, and thus, that v(z) < liminf,/_, v(2’). The converse statement is
obvious.

Suppose next that the epigraph of v is a cone. Then it contains (0,0) and
v(0) < 0. The statements iz) and iii) are clearly equivalent.

If i) holds true and v(0) < 0, then

1

0,-1) = T(O)(O’ v(0))

belongs to the epigraph of v, as well as all (0, —\), and (by letting A\ — +00)
we deduce that v(0) = —oo, so that i) implies i1).

To end the proof, assume that v(0) = 0 and that for some z, v(z) = —o0.
Then, for any € > 0, the pair (z, —1/¢) belongs to the epigraph of v, as well
as the pairs (ex, —1). By letting € converge to 0, we infer that (0, —1) belongs
also to the epigraph, since it is closed. Hence v(0) < 0, a contradiction. O

Indicators 1V of subsets K are cost functions defined by

Yr(r) =0 if z € K and + oo if not
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which characterize subsets (as characteristic functions do for other purposes)
provide important examples of extended functions. It can be regarded as a
membership cost> to K: it costs nothing to belong to K, and +oo to step
outside of K.

Since

Ep(WK) = K x Ry

we deduce that the indicator ¥k is lower semicontinuous if and only if K is
closed and that 1k is convex if and only if K is convex. One can regard the
sum v + ¢ as the restriction of v to K.

We recall the convention inf(()) := +oc.

5.2.9 Epilimits

Definition 5.2.24 The epigraph of the lower epilimit limt%n_,ooun of a se-
quence of extended functions u, : X — R U {400} is the upper limit of the
epigraphs:

Sp(limgnﬂooun) := Limsup,,_,..Ep(u,)

The function lim?n_,ooun whose epigraph is the lower limit of the epigraphs of
the functions u,

Sp(lim?n_)ooun) := Liminf, _..Ep(u,)

1s the upper epilimit of the functions u,

One can check that

lim%naooun(a:o) = liminf wu,(x)

nN—00,r—I(

5.2.10 Contingent Epiderivatives

When u is an extended function, we associate with it its epigraph and the
contingent cones to this epigraph. This leads to the concept of epiderivatives
of extended functions.

3Functions v : X ~ [0, +00] can be regarded as some kind of fuzzy sets, called toll sets.
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Definition 5.2.25 Let u: X — RU{xo0} be a nontrivial extended function
and x belong to its domain.

We associate with it the differential quotients

u(z + hu) — u(z)
h

u ~ Viyu(x)(u) =
The contingent epiderivative Dyu(z) of u at x € Dom(u) is the lower epilimit
of its differential quotients:
Dyu(z) = lim%h_,oJthu(a:)

We shall say that the function u is contingently epidifferentiable at = if for
any u € X, Dyu(x)(u) > —oo (or, equivalently, if Dyu(z)(0) =0).

Proposition 5.2.26 Letu: X — RU{zo0} be a nontrivial extended function
and x belong to its domain. Then the contingent epiderivative Dyu(z) satisfies

hu') —
Vue X, D)) = hli(]ﬂ_gliuu(xvL U};) u(z)

and the epigraph of the contingent epiderivative Dyu(-) is equal to the contin-
gent cone to the epigraph of u at (z,u(x)) is

Ep(Dru(a)) = Tepw(z, u(z))

Proof — The first statement is obvious. For proving the second one, we
recall that the contingent cone

Tgp(u) (x, u<l’)) = Limsuph_)m_ Ep(u) _lfx7 u(x))

Ep(u) = (z,u(z))
h

when h — 0-+.

is the upper limit of the differential quotients

It is enough to observe that

Ep(u) — (z,u(x))
h

Ep(Dru(z)) := Tepuy (v, y) & Ep(Viu(z)) =

to conclude. O
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Consequently, the epigraph of the contingent epiderivative at x is a closed
cone. It is then lower semicontinuous and positively homogeneous whenever u
1s contingently epidifferentiable at x.

We observe that the contingent epiderivative of the indicator function ¢ at
x € K is the indicator of the contingent cone to K at x:

Dik(r) = Yy
making precise the intuition stating that the contingent cone Tk (z) plays the

xof

role of a “derivative of a set”, as the limit of differential quotients
sets.

The hypoderivatives of an extended function are defined in a analogous way:
The contingent hypoderivative D u(z) of u at € Dom(u) is the upper hy-
polimit of its differential quotients:

D u(z) = lim?,HoJthu(x)
We observe that it is equal to

u(z + hu') —u(x)

Vue X, Du(z)(u) = limsup
h—0+,u'—u h

and that the hypograph of the contingent hypoderivative D ju(x) of u at x is
the contingent cone to the hypograph of u at (x,u(x)):

Ep(Dyu(x)) = Tryp) (7, u(z))

Definition 5.2.27 We shall say that u : X — W is differentiable from the
right at x if the contingent epiderivative and hypoderivative coincide:

Vve X, Dyu(x)(v) = Dpu(z)(v)

Lemma 5.2.28 Let K C X be a closed subset and u : X — R U {+o0} be
an extended function. We denote by u|x := f + ¢k the restriction to u at K.
Inequality

Diu(z)|r, (z) < Dyulk(z)
always holds true. It is an equality when u is differentiable from the right:
the contingent derivative of the restriction of u to K is the restriction of the
derivative to the contingent cone.
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Proof — Indeed, let z € K N Dom(u). If u belongs to Tk (x), there exist
h, — 0+, ¢, — 04+ and z,, := z + h,u, € K such that

Dru(@)(w) < lmint S8 Z8@ g W(@0) — ulic(2)

n—-+o0o n n—-—+00 hn

which implies the inequality. If u is differentiable from the right, the differen-
tial quotient converges to the common value Dyu(x) = Dyu|g(x) = Dju|g(x).
O

For locally Lipschitz functions, the contingent epiderivatives are finite:

Proposition 5.2.29 Ifu: X — RU{+o0} is Lipschitz around x € Int(Dom(u)),
then the contingent epiderivative Dyu(z) is Lipschitz: there exists A > 0 such

that
u(z + hu) — u(x)

BT <
VueX, Dyu(z)(u) hhrgtl)gf . < Aul]
Proof — Since u is Lipschitz on some ball B(z,n), the above inequality

follows immediately from

u(x + hu) — u(z) < u(z + hu') — u(x)
h - h

VuenB, + Allull + v’ = ull)

by taking the liminf when h — 0+ and v/ — w. O

For convex functions, we obtain:

Proposition 5.2.30 When the function u : X — R U {400} is convez, the
contingent epiderivative 1s equal to

Dyu(z)(u) = liminf (inf u(z + hu') — u(ﬂ«’))

u' —u h>0 h

Proof — Indeed, convexity implies that if 0 < hy < ho,

Ep(u) — (z,u(x))

gp(vhzu(x)) = h2

C Ep(Vnu())
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ie.,

Therefore,

VueX, Du(x)(u) :== lim

and this function Du(z) is convex with respect to u. Since the epigraph of
Du(z) is the increasing union of the epigraphs of the differential quotients
Vyu(x), we infer that

Diu(z)(u) = liminf Du(z)(u)

u' —u

We recall the following important property of convex functions defined on
finite dimensional vector spaces:

Theorem 5.2.31 An extended convex function u defined on a finite dimen-
stonal vector-space s locally Lipschitz and subdifferentiable on the interior of
its domain. Therefore, when x belongs to the interior of the domain of u, there
exists a constant \, such that

Vu € X, Du(z)(u) = inf u(x + hu) —u(z)

<
. < Al

The second statement follows from Proposition 5.2.29. O

5.2.11 Generalized Gradients

Definition 5.2.32 Letu: X — RU{+00} be a nontrivial extended function.
The continuous linear functionals p € X* satisfying

VoeX, (p,v) < Dyu(z)(v)

are called the (regular) subgradients of u at z, which constitute the (possibly
empty) closed conver subset

O_u(z) = {peX*|VveX, (pv) < Dyu(x)(v)}
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called the (regular) subdifferential of u at x.

In a symmetric way, the superdifferential 0, u(x) of u at z is defined by

oiu(z) = —0_(—u)(x)

Naturally, when u is Fréchet differentiable at x, then

Dyu(z)(v) = (f'(z),v)
so that the subdifferential O_u(x) is reduced to the gradient u'(x).
We observe that
O_u(z) + Ng(z) C I(u|g)(x)

If u is differentiable at a point x € K, then the subdifferential of the restriction
1s the sum of the gradient and the normal cone:

0-(ulg)(z) = u'(z) + Ni(z)

We also note that the subdifferential of the indicator of a subset is the normal
cone:

d_vYx(r) = Nk(x)
that

i) (p,—1) € Negpuy(z,u(x)) if and only if p € O_u(x)
it) (p,0) € Nepquy(z,u(x)) if and only if p € Dom(Dyu(z))~

so that We also deduce that

ng(u)(%“(f)) = {/\(Qa_l)}qea_u(x),A>0 U{(an)}quom(DTu(x))—

The subset Dom(Du(z))” = {0} whenever the domain of the contingent
epiderivative Dyu(z) is dense in X. This happens when u is locally Lipschitz
and when the dimension of X is finite:

Proposition 5.2.33 Let X be a finite dimensional vector space, u : X +—
R U {£o0} be a nontrivial estended function and xo € Dom(u). Then the
subdifferential 0_u(x) is the set of elements p € X* satisfying

Eac [l = |

>0 (5.4)
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1s the local subdifferential of u at x.
In a symmetric way, the superdifferential 0, u(xg) of u at zo is the subset of
elements p € X* satisfying

i ay 8(2) = (z0) = (. = 1)
T—x0 ||.§C — .T()H

The equivalent formulation (5.4) of the concept of subdifferential has been in-
troduced by Crandall & P.-L. Lions for defining viscosity solutions to Hamilton-
Jacobi equations.

5.2.12 Moreau-Rockafellar Subdifferentials

When u is convex, the generalized gradient coincides with the subdifferential
introduced by Moreau and Rockafellar for convex functions in the early 60’s:

Definition 5.2.34 Consider a nontrivial function u : X — R U {+o0} and
x € Dom(u). The closed convex subset du(x) defined by

du(r) = {p € X*| Vy € X, (py—1z) < u(y) —u(z)}

(which may be empty) is called the Moreau-Rockafellar subdifferential of u at
x. We say that u is subdifferentiable at x if du(x) # 0.

Proposition 5.2.35 Let u : X — R, be a nontrivial extended convex func-
tion. Then the subdifferential 0_u(x) coincides with Moreau-Rockafellar sub-
differential Ou(x).

Furthermore, the graph of the subdifferential map x ~» du(x) is closed.
Let us mention the following simple — but useful — remark:

Proposition 5.2.36 Assume that u := v + w s the sum of a differentiable
function v and a convex function w. If T minimizes u, then

—v'(z) € ow(z)
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Proof — Indeed, for h > 0 small enough,  + h(y — Z) = (1 — h)T + hy so
that

w(z+ h(y —x)) —u(x) < w(T+ h(y —x)) —u(x)

<
0= h - h

thanks to the convexity of w. Letting h converge to 0 yields
0 < (vi(2),y — ) + w(y) — w(z)

so that —v/(z) belongs to Ow(z). O

5.3 Discrete Dynamical Systems

Definition 5.3.1 Let us consider a sequence K of subsets K, C X, regarded
as a discrete tube n € N~ K, C X.

A sequence T := (20, ..., Tn,...) is said to be viable in the tube K (on [0, N]
or up to time N ) if
vo<n<N, =z, € K,

For N = 400, ¥ is said to be viable in K.

Let us consider a sequence R of nontrivial set-valued maps R, : X ~ X. We
shall denote by gﬁ(xo) the subset of sequences & := {x,}n>0 solutions to the
dynamical system

Vn>0, z,01 € Ry(z,)

The product
[[K. = {eXN|Vn>0, z,€K,}

n>0

of the subsets K, is the subset of sequences viable in the tube n ~ K,,.

Definition 5.3.2 We shall say the growth offm; 15 linear if there exists ¢ > 0
such that

Vnz0, VeeX, [Ru(x)] = sup |yl < cfz]

yER, ()
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We deduce at once from the definition the

Lemma 5.3.3 Let us consider any solution ¥ € gﬁ(xo) of the dynamical sys-
tem x,41 € Ry(xy,) starting at zo. If the growth of R is linear, then

V20, [z < (1+¢)" ||z

We supply the space XN of sequences ¥ with the product topology, i.e., the
pointwise convergence of this space regarded as the space of maps from N to
X. The Tychonov Theorem states that if for every n > 0, the subsets K,, C X
are compact, then the subset

I K. = {£eXN|Vn>0, z,€K,}

n>0

of sequences viable in the tube K :ne K, is compact in XN,

Theorem 5.3.4 Let R be a sequence of set-valued maps with closed graph.
Then the graph of the solution map Sp is closed. Assume furthermore that

the growth off{ is linear. Then the sets Sz 7(xo) of solutions starting at xo are
compact in XN, Actually, the graph of restriction to compact subsets L C X
of the solution map SRl is compact in X x XN,

Proof — Indeed, one can write the graph of the solution map in the form
Graph(Sg) = {Z|Vn >0, (2,,2441) € Graph(R,)}

We deduce at once that the graph of S # is closed whenever the graph of Ris
closed.

Let L C X be a compact subset of X. Since the growth of R is linear, we
know that for any n > 0, the solutions remain in the product of the balls
B(a, (1 + ¢)"||L||), which are compact. Therefore, Sz(L) is contained in the
product

11 Bla. (1 +¢)"[IL]])

n>0

which is compact. O
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Definition 5.3.5 Let C C X be a subset.
The functional e : XN — Ry U {+o00} associating with T its discrete hitting
time we(Z) defined by

we(Z) == inf{neN |z, € C}

15 called the discrete hitting functional of ¥ to C.
The functional 7c = wx\¢ : XN +— Ry U{+00} associating with T its discrete
exit time 7¢ (%) defined by

7¢(Z) == inf{n e N |z, ¢ C}

is called the discrete exit functional of & from C.
The functions @’ : C — Ry U {+o0} and @l : C — Ry U {400} defined by
1

wi(z) = inf we(@) & wh(r) = sup we(d)
TeSp(w) zeSp(x)

are called the lower and upper hitting function and the functions 72 : C
R, U{+0co} and 75 : C — Ry U {400} defined by
o(z) = inf 1o(@) & Th(z) = sup 7o(@)
ZESR(x) £ecSr(z)

the lower and upper exit function.

5.4 Discrete Viability Kernels

In order to characterize closed subsets viable under an impulse differential
inclusion (F, R), we need to introduce the definitions of the discrete viability
kernel under a discrete system xz,,.1 € R(z,) and of the viability kernel of a
closed subset under a differential inclusion ' € F(z).

We say that a subset K is discretely viable under a set-valued map R : K ~ X
if from any xy € K starts a sequence x,1 € R(x,) viable in K in the sense
that for all n > 0, x,, € K.
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Definition 5.4.1 The subset Viaby(K) of initial states xo € K such that one
solution X to discrete system x,,1 € R(x,) starting at xq is viable in K for all
n € [0, N] is called the discrete N-viability kernel and the subset

Viabp(K) = Viab*(K)

1s called the discrete viability kernel of K under R. A subset K is a discrete
repeller if its discrete viability kernel is empty.

We say that
Egressp(K) = K\ Viaby(K) (5.5)

is the discrete egress set of K under R because for any x € FEgressp(K),
R¥(z):= R(z)N K = (.
One can observe that

Viab(K) = KNRYK) & Egressp(K) := K\R'(K) (5.6)

They are related to subsets called respectively stopping sets and continuation
sets in [53, 54, 55, Bensoussan & Lions J.-L.].

By Lemma 5.1.5, denoting by R{g the graphical restriction of R to K x K
defined by

K, v | Rlx)ynK if zeK
Bixle) = { 0 it v¢ K

we observe that its domain is the 1-discrete viability kernel of R:
Viabs(K) = Dom(R|y)
We first observe the following property:

Proposition 5.4.2 The discrete N -viability kernel is obtained through the Vi-
ability Kernel Algorithm:

VN >1, Viaby(K) = Viaby(Viaby *(K)) (5.7)
In particular, setting Egressy(K) := Egressg(K) and, for N > 1,
Egressh(K) := Egressp(Viabh(K)) = Viably (K)\ Viaby TH(K)  (5.8)
we deduce that

x € Egressy (K) if and only if R(x) N Viaby (K) = 0
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Proof — We indeed observe that
Viabp(K) = KN RY(K)
Next, we note that
Viaby (K) = Viaby(Viab} *(K))

Indeed, 2o € Viaby(K) if and only if there exists a sequence z; € K such
that z;41 € R(z) N K for I = 0,...,N — 1. Therefore, z; € Viaby *(K) N
R(xg). Since zq also belongs to Viaby '(K), we infer that it belongs to
Viaby(Viably ' (K)).

Conversely, let 2 belong to Viabg(Viaby '(K)). Then x, belongs to K and
there exists =1 € R(xo) N Viaby '(K)), so that z; € R(x;_1) N K for | =
2,...,N. Since z; belongs to K, we infer that zy € Viaby(K). O

For simplicity, let us set

Ky = Viaby(K), Ry = Rz" & Ey = Egressy(K)
Therefore, each N-discrete viability kernel can be written Ky = Ky U Ey,
and Ry_; maps elements z € Ky to nonempty subsets Ry_1(z) C Ky_;.
Furthermore, for every x € Ey, Ry_1(z) C Enx_1. Therefore, we introduce
the maps YR : Ey ~ Ey = K\R"!(K) defined by
Vo € Egressh(K), YR(z) = Ro(Ri(--- (Ry_o(Rn_1(2))))) C Egressgp(K)

In other words, the set-valued map ¥ R associates with any 2 € Ey the subset
of elements zy € K\R (K obtained recursively through a sequence z; €
R(l’)ﬂEN_l, To € R(ZEl)ﬂEN_Q, ., IN E R(ZL’N_I)QE(), so that R({L‘N)ﬂK =
0.

We now prove that the discrete viability kernel is the largest subset L C K of
K discretely viable under R:

Proposition 5.4.3 The discrete viability kernel Viabr(K) of K under R is
the largest subset of K viable under R.



128

Proof — Every subset L C K viable under R is obviously contained in the
discrete viability kernel Viabgr(K).

On the other hand, if ¥ is a solution to the discrete system x,,1 € R(x,)
viable in K, then for all n > 0, the sequence §" defined by (¢"),, 1= Zpim is
also a solution to the discrete system, starting at z,,, viable in K.

Therefore, for any element zq € Viabg(K), there exists a viable solution & to
the discrete system starting from xz, and thus, for all n > 0, x,, is the initial
state of the solution y" viable in K, so that xz, belongs to Viabr(K). Hence
Viabgr(K) is viable under R. O

Proposition 5.4.4 Let K C X be a closed subset. If R is upper semicontinu-
ous with compact images, then for any N > 0, the discrete N -viability kernels
and the N-capture basins are characterized by:

Viab¥ (K) = {:EGK|T§((x) > N}
(5.9)
Capty(K) = {x € X|@(z) < N}

Consequently, the discrete exit time function T}i{ 1s the step function defined by
VI>0, mh(x) = | if ©€ Egresso(K) = Viaby (K)\ Viab,(K)
and the discrete hitting time function @’ is the step function defined by

VI1>0, wy(z) = 1 if 2 € Capto(K)\ Capty ' (K)

If R is lower semicontinuous, then for any N > 0, the discrete N-invariance
kernels and N-absorption basins are characterized by:

vy (K) = {z€K|r(x) > N}
(5.10)
Absy(K) = {z € X |af(r) < N}
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Proposition 5.4.5 Let assume that K is a closed subset, that R : X ~» X 1s
upper semicontinuous and that

Vre K, R(x)N(K+ B)is compact

where B is the unit ball. Then the discrete N-viability kernels Viaby(K) are
closed. If furthermore, one of them is compact and nonempty, then

(a) either the discrete viability kernel Viabr(K) is not empty and equal to

Viabp(K) == () Viaby(K)

N>0

(b) or K is a discrete repeller under R and there exists a smaller nonempty
discrete N-viability kernel Viab® (K) (called the discrete viability core).

Assume now that K is a repeller under R, so that we can partition K as the
union

J
K = |J Egressy(K)
N=0

We th_}ls can associate with the set-valued map R : K ~» X the set-valued
map R : K ~ X defined by

Vx € Egressh(K), R(x) = VR(z)
We thus deduce that B maps Viabh(K) = KN R™(K) to Egressy(K) =
K\R\(K):
Vee KNRY(K), Rz)nRYK) c K\R'(K)

In other words, any € K N R~!(K) belongs to some Egressy(K) with N =

L..., J. Therefore, the set-valued map IE; maps x to a nonempty subset
R(z) =" R(x) contained in K\R*(K).

Corollary 5.4.6 We posit the assumptions of Proposition 5.4.5. If K is a
repeller under R, then the set-valued map R is upper semicontinuous.
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Proof — Let x € K, which belongs to some subset Egressy (K) since K
is a discrete repeller under R. Hence x belongs to Viabk(K) and R(z) N
Viaby (K + 1) is empty. The subset R(z) N Viaby (K) being compact and non
empty, there exists 0 > 0 such that

B(R(x) N Viab}(K),8) N Viaby (K +1) =

Since = belongs to Viabh (K)\ Viab} T (K), there exists v > 0 such that
B(z,v) N Viaby ™ (K) = (). The reset map R being upper semicontinuous,
we can associate with any ¢ < 6 an n < v such that R(y) N Viaby(K) is
contained in B(R(z) N Viaby (K), ) whenever y € B(z,n). But for such an y,
Rn(y) = R(y) so that we deduce that Ry(z) = R(z) is upper semicontinuous
from Egressh (K) to Viaby (K).

We therefore infer that VR is upper semicontinuous from Egressg (K) to K,
and thus, that R is upper semicontinuous from Viabs(K) to Egressy(K) with
nonempty values. O



Chapter 6

Viability Theory at a Glance

6.1 Viability and Invariance under Differen-
tial Inclusions

6.1.1 The Basic Viability Theorems

Definition 6.1.1 A function t € [0,T] — x(t) € X is said to be viable in K
on [0,T7] if
Vtel0,T], z(t) € K

and viable in K if T = +o0o. When K be a subset of X, we shall say that K
is locally viable under F' if for any initial state xy of K, there exist T,, > 0
and a solution to differential inclusion x' € F(x) starting at xy viable in K
on [0, T,]. It is said to be (globally) viable under F if we can always take
T,, = oo.

Definition 6.1.2 The contingent cone Tk(x) to K C X at v € K is the set
of directions v € X such that there exist sequences h,, > 0 converging to 0 and
v, converging to v satisfying x + hyv, € K for every n. The (regular) normal
cone Nk (z) := Tx(x)~ is the polar cone to the contingent cone Ty (x).

See for instance [31, Aubin & Frankowska]) or [182, Rockafellar & Wets] for
more details.
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We denote by

Vpe X", o(K,p) = sup(p,z)
zeK

the support function of K. Once can characterize this viability property for
Marchaud maps:

Definition 6.1.3 (Marchaud Map) We shall say that F is a Marchaud map*
if

i) the graph and the domain of F' are nonempty and closed
it)  the values F(x) of F' are convex
iii) the growth of F' is linear:

Je>0|VeeX, [[F@)| =supepe < cllzfl+1)

We recall the following viability theorems:

Theorem 6.1.4 Assume that F' is Marchaud. The two following statements
hold true:

(a) If K is closed, then K is (globally) viable under F if and only if
VeeK, Fle)NTg(z) #0
or, equivalently, in dual form, if and only if
Vre K, Vpée Ng(z), o(F(z),—p) > 0
(b) If C C K is closed, then K\C' is locally viable under F if and only if
Vee K\C, F(x)NTk(x)#0
or, equivalently, in dual form, if and only if

Vxe K\C,Vpée Nk(z), o(F(x),—p) > 0

'We can replace the linear growth by the more general condition:

Je>0|VeeX, sup M <ec

ver() (lzl +1)* —
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Definition 6.1.5 Let F : X ~ X be a set-valued map and C C X be a
subset. The solution map Sr : X ~ C(0, 00, X) associated with the differential
inclusion ©' € F(x) maps initial states © € X to the set Sp(x) of solutions to
the differential inclusion x’' € F(x) starting at x at time t = 0.

We recall the following version of the important Theorem 3.5.2 of VIABILITY
THEORY, [8, Aubin]:

Theorem 6.1.6 Assume that F : X — X is Marchaud. Let x,, € X converge
to x in X and x,(-) € Sp(x,) be solutions to the differential inclusion x' €
F(z) starting at x,,. Then there exists a subsequence (again denoted by) x,(-)
converging to a solution x(-) € Sp(x) uniformly on compact intervals.

We derive the following properties:

Proposition 6.1.7 Let F' : X ~ X be Marchaud and C be viable under F'.
Then the closure C of C' is also viable under F.

Definition 6.1.8 Let ' : X ~ X be a set-valued map and C C X be a subset.
The reachable map 9z (-, z) is defined by

VeeX, dr(tz) == {z()})espw

We associate with it the reachable tube t ~ Jp(t,C) defined by

Up(t,C) = {z()},(yesn(o)

Therefore, the subset ¥_p(t,C) is the subset of elements x € X which reach
the subset at the prescribed time .

We obtain the following properties:
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Proposition 6.1.9 The reachable map t ~ Vp(t,x) enjoys the semi-group
property: Vt,s >0, Op(t+ s,z) =V9p(t,0p(s,x)).

Furthermore,
(ﬂF(tv '))_1 = 19—F(t7 )

If F is Marchaud and K C X 1is closed, the graph of the reachable map (x,t) ~»
Vr(t, K) is closed.

Proof — The semi-group property is obvious. Let us prove the second one:
Ify € 9p(t, x), there exists a solution x(-) to the differential inclusion 2’ € F(z)
starting at = such that y = z(t). We set y(s) := z(t — s) if s € [0,¢] and we
choose any solution y(-) to the differential inclusion y' € —F(y) starting at z
at time ¢ for s > ¢. Then such a function y(-) is a solution to the differential
inclusion 3y’ € —F(y) starting at y and satisfying y(¢) = x. This shows that
x €V_p(t,y).

We deduce from Theorem 6.1.6 that if F' is Marchaud and K C X is closed,
the graph of the reachable map (z,t) ~ Vp(t, K) is closed. O

6.1.2 The Filippov Theorem

Actually, Filippov’s Theorem is much more than a mere existence theorem. It
also provides an estimate of the distance between a function y(-) and the set
Sr(xzg) of solutions starting at some initial state x.

For stating this theorem and characterizing invariance properties, we need
Lipschitz maps:

Definition 6.1.10 The set-valued map F' is said to be Lipschitz if there exists
a constant A > 0 such that

Vr,ye X, F(r) C F(y) + Mx—y|B

Theorem 6.1.11 (Filippov) Assume that F' : X ~» X is A-Lipschitz with
nonempty closed values on the interior of its domain. Let y(-) : [0,T] — X
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be a given absolutely continuous function such that t — d(y'(t), F(y(t))) is
integrable (for the measure e **ds when T = +00).

Then there ezists a solution x(-) to differential inclusion x' € F(x) such that,
for all t € (0,71,

Jo(t) =yl < e (Jlzo — y(O)] + [ d(y/(s), Flu(s))e™ds)  (6.1)
and for almost all t € [0,T1,

[2'(t) = y' @Ol < dly'@), F(y(2)))

0 (o = O + [ dly(5). Fly(s)))eds)

It implies the existence of a solution starting from any initial state with any
initial velocity:

Corollary 6.1.12 Assume that F' is Lipschitz on a neighborhood of xo. Then,
for any xy € Int(Dom(F)) and vy € F(xy), there exist T > 0 and a solution
x(+) to differential inclusion x' € F(x) defined on [0,T] and satisfying x(0) =
xo and 2'(0) = vy.

Proof — We apply Filippov’s Theorem with y(t) := x¢+tvy and xg := y(0).
Then d(y'(t), F(y(t))) < At[lvol| and

Jod(y (), F(y(s)))eds

t
< e’\t/ AT ||volle ™ dr < —”UOH (e’\t —-1- At)
0 A

Filippov’s Theorem implies the existence of a solution z(-) to differential in-
clusion z/ € F(x) starting at xy and satisfying

[voll  x
Jx(t) = 2o — twol| < F7 (M —1-xt)
Dividing by ¢ > 0 and letting ¢ converge to 0+, we infer 2/(0) = vo. O

Filippov’s Theorem also implies the Lipschitz dependence of the solution map
on the initial condition:
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Corollary 6.1.13 Let y(-) € Sp(yo) and assume that F, y(-) satisfy the as-
sumptions of Filippov’s Theorem 6.1.11. Then

d (y(t), Sp(z0)(t)) < [lwo —yol €™

so that the solution map Sg is lower semicontinuous.

6.1.3 Characterization of Local Invariance

We are ready to prove the characterization of invariant domains under a Lip-
schitz map:

Theorem 6.1.14 Let us assume that F' s locally Lipschitz and has closed
values. There exists an (open) neighborhood V(z) of x € K such that the two
following properties are equivalent:

(a) for every y € V(x), one can associate with every solution y(-) € Sp(y) a
sequence t,, — 0+ such that x(t,) € K,

(b) for ally € V(x), F(y) C Tk(y).

Consequently, a closed subset K 1is locally invariant under F' if and only if K
s an invariance domain.

Proof — Let us assume that F(y) C Tk(y) on a neighborhood V(z) and
let x(-) be any solution to the differential inclusion ' € F(z) starting at
zo € V(z) and defined on some interval [0,7]. Let us set g(t) := dg(x(t)),
which is absolutely continuous on [0, 7.

Let t be a point such that both 2/(t) and ¢'(¢) exist and 2'(¢) belongs to
F(z(t)). Then there exists (h) converging to 0 with A such that

z(t+h) = x(t) + ha'(t) + he(h)
and

die(x(t) + ha'(t) + he(h)) — die(x(t))
Dig(t)(1) = lim ;

First, we observe that

Didg(z)(2'(t)) < d(2'(t), T (g (z(t))))
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Indeed, choose z € Ik (y) and w € Tk(z). Then

dic(y +hv) —di(y) _ |y =2l +dr(z + ) — dk(y)
h = h

dic(z + h dic(z + h

Since z belongs to K and w € Tk(z), the above inequality implies that
Dydg(y)(v) < d(v,Tk(z))

Let us denote by A > 0 the Lipschitz constant of F' on V(z) and choose any y
in g (x(t)). We deduce that:

d(2'(t), Tk (g (2(1)))) < d(2'(t), Tie (y)) < d(@'(), F(y))
(because of the tangential condition)

< d(a'(t), F(z(t))) + My — z(t)]| (since F is Lipschitz)
= 0+ Mdg(z(t)) = Ag(t)
Then g is a solution to
for almost all t € [0,T], ¢'(t) < Ag(t) & ¢(0)=0

We deduce that g(t) = 0 for all ¢t € [0, 7], and therefore, that x(t) is viable in
K on [0,T], and thus, dg(x(t)) =0 for all t € [0, T].

— Let xg € V(x). We have to prove that any uy € F(z) is contingent to
K at zy. Corollary 6.1.12 implies that for all zy and ug € F(zg), there exists
a solution z(-) to the differential inclusion z’ € F(x) satisfying x(0) = xg
and 2'(0) = up. By assumption, there exists a sequence t,, — 0+ such that

(tn) —

x(t,) € K. Hence vy, being the limit of ¢ :CO, belongs to belongs to

n

Tk (xg). It follows that F'(zg) is contained in Tk (zg). O

We thus deduce the Invariance Theorem:
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Theorem 6.1.15 Assume that F' : X ~» X is Lipschitz. Then a closed subset
K is locally invariant under F' if and only if

Vee K, F(r) C Tk(x)
or, equivalently, in dual form, if and only if

VzeK, Vpe Ng(z), o(F(z),p) <0

We derive the following properties:

Proposition 6.1.16 Let F' : X ~ X be Lipschitz and C be invariant under
F. Then the closure C of C is also invariant under F.

6.1.4 Duality between Tangential and Normal Condi-
tions

We provide a recent and very simple proof due to Hlne Frankowska of Theo-
rem 6.1.17:

Theorem 6.1.17 Assume that the set-valued map F : K ~ X is upper semi-
continuous with convexr compact values. Then the three following properties
are equivalent:

i) VrzeK, Flx)NTg(x) # 0
it) VrxeK, Flx)Neo(Tk(x)) # 0

iii) Vo €K, Vpé€ Nk(z), o(F(z),—p) = Supyep)(—p,v) = 0
(6.2)

Proof — Clearly (6.2):) = (6.2)ii) = (6.2)iii). We recall that if x € Tk (y),
then p:=y —x € Ng(x).

Assume that (6.2)iii) holds true and fix x € K. Let us set

o(t) == d(x+tF(x),K) = |z +ty, — o]
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where y; € F(z), x; € Hg(x + ty,) and where |ly;|| < M. We deduce that ¢ is
lower semicontinuous, that

pe = T +ty, —x € Ng(xy)
and that ||p|| < ||z +ty, — || = t||ly]| < Mt.

Since for any u € F(z),

p(t+h) —o(t)
h

< 2(py, u) + hlul]?
we deduce that

Dip(t)(1) < 20°(Fla).pi) = 2 inf {pi,)

Furthermore, F' being upper semicontinuous, we can associate with any € > 0
an 7)(g) > 0 such that

Vye B(z,n(e)), Fly) C F(x)+eB

so that
Vy € Blz,n(e), o’ (F(x),p) < o’ (F(y),p) +ellp|

Assumption (6.2)iv) implies that o”(F(z;),p:) < 0 because p; is a normal to
K at x;. Since ||z — x| < ||pe]| + tllwe]| < 2tM < n(e) whenever ¢t < %, we
deduce that

Dip(t)(1) < 20°(F(x),p) < 2¢lpel| < 2eMt

whenever t < % Since ¢ is lower semicontinuous, we deduce that
n(e) 2
Vi< D o) < eMt
< oap P <
or, equivalently, that
n(e) Ty — X H
Vi< L _ <VeM

=M Yt n =
Hence Hyt — #=2| converges to 0 with ¢. Since [[y|| < M, a subsequence y;,
converges to some y € F(x). Hence the subsequence ®2—= ¢ K;’” converges

to v, so that y belongs also to the contingent cone Tk (z). O
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We now provide a characterization of invariance domains which allows to ex-
tend to the nonconvex case the dual characterization of the tangential condi-
tion involved in the definition of the invariance domains:

Theorem 6.1.18 Assume that the set-valued map F : K ~» X is lower semi-
continuous. Then the three following properties are equivalent:

i) VzxeK, F(zr) C Tk(z)
it) VexeK, F(x) C co(Tk(z)) # 0 (6.3)
iii) Vo €K, Vp€ Nk(z), o(F(v),p) = supPyep)(p,v) < 0

Proof — Clearly (6.3)i) yields (6.3)ii). The equivalence between (6.3)ii) and
(6.3)iii) follows obviously from the Separation Theorem.

For proving that (6.3)iii) implies (6.3)i), let us choose vy € F(z() and prove
that it belongs to Tk (xp). Thanks to the Michael Selection Theorem, there
exists a continuous selection f : x € K +— f(x) € F(x) C X such that f(xg) =
vo. Theorem 6.1.17 implies that f(z) € Tk(x), and thus, that vy = f(zo)
belongs to Tk (zg). O

Remark — The dual characterization of viability domains of a Marchaud
map was first noticed in a different context in [125, Guseinov, Subbotin &
Ushakov]. A simpler proof of this fact was given by Hélene Frankowska and
appeared in [32, Aubin & Frankowska] and in Theorem 3.2.4 of [8, Aubin].
Another proof was provided in [77, Cardaliaguet] and [216, Veliov]. The proof
given here is taken from [, Dal Maso & Frankowskal.

O

6.1.5 Invariance and Backward Invariance

Definition 6.1.19 Let F': X — X be given. A subset K is

(a) backward invariant under F' if for every ty €]0, +o00|, € K, all solutions
z(-) to the differential inclusion z' € F(x) arriving at x at time ty are
viable in K on the interval [0, to],
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(b) locally backward invariant under F' if for every ty €]0, +o0|, z € K, for
all solutions x(-) to the differential inclusion x’' € F(x) arriving at x at
time tg, there exists s € [0, to] such that x(-) is viable in K on the interval

[57 tU];

We now compare the invariance of a subset and the backward invariance of its
complement:

Theorem 6.1.20 A subset K is invariant under a set-valued map F if and
only if its complement K¢ := X\K is backward invariant under F'.

Proof — To say that K is not invariant under F' amounts to saying that
there exist a solution z(-) to the differential inclusion 2’ € F(x) and T > 0
such that

z(0) € K& z(T) € X\K

and to say that X'\ K is not backward invariant amounts to saying that there
exist a solution y(-) to the differential inclusion 2’ € F(x), T > 0and S € [0, T
such that

y(S) € K&y(T) € X\K

It is obvious that the first statement implies the second one by taking y(-) =
z(-) and S = 0. Conversely, the second statement implies the first one by
taking x(t) := y(t + 5) and replacing T by T'— S > 0 since z(0) = y(S)
belongs to K and z(T' — S) = y(T') belongs to X\ K. O

It is also useful to relate backward viability and invariance under F' to viability
and invariance under —F"

Lemma 6.1.21 Assume that from any x € K, there exists a solution to the
forward differential inclusion x’' € F(zx) and a solution to the backward differen-
tial inclusion ' € —F(x). Then K is locally backward viable (resp. invariant)
under F if and only if K is locally viable (resp. invariant) under —F.

Proof — Let us check this statement for local viability. Assume that K
is locally backward viable and infer that K is locally invariant under —F.
Indeed, let z € K. Then, for any T' > 0, there exists S € [0,T] and a solution
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x(-) to the differential inclusion 2’ € F(x) viable in K on the interval [S, T
and satisfying x(T) = x. Let y(-) be a solution to the differential inclusion
y' € —F(y) starting at y(0) = z(S). Then the function z(-) defined by

o[ aT=1) if tel0,T -39
A =\ gt +T-9) if t>T—8

is a solution to the differential inclusion 2z’ € —F(z) starting at z(0) = z(T) =
x and viable in K on the interval [0, 7 — S].

Conversely, assume that K is locally viable under —F and check that K is
locally backward invariant. Let z € K, T" > 0 and one solution z(-) to
differential inclusion 2’ € —F(x) viable in K on [0, R] where R > 0. Let be
any solution y(-) to ¥/(t) € F(y(t)) starting at x and set

(T —1t) if tel0,T
(1) :{ygt—T§ if tz[T |

Hence z(-) to differential inclusion 2’ € F\(z) satisfying (7)) = » € K and
viable in K on the interval [S, T| where S := max(T — R,0). O

6.1.6 Exit Time Function and Viability Kernels

We shall relate the viability kernels and capture basins to upper exit and lower
hitting functions that we are about to define:

Definition 6.1.22 Let C C X be a subset. We denote by
we : C(0,00; X) — Ry U{+o0}

the hitting functional (or minimal time functional ) associating with z(-) its hitting
time we(x(+)) defined by

we(z(4)) == inf{t € [0,4+00] | z(t) € C}

The functional T : C(0,00; X) +— Ry U {400} associating with x(-) its exit
time 7 (x(+)) defined by

Tr(x(-)) = inf{t € [0,00[ | 2(t) ¢ K} = wx\x(z("))
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1s called the exit functional.

If K D C, we introduce more generally the (constrained) hitting functional
w(k,c) defined by

wk,cy(@(-) =inf{t >0 |z(t) € C & Vs e [0,t], x(s) € K }
introduced in [78, Cardaliaguet, Quincampoix €& Saint-Pierre]).

We use the convention inf{(}} := +o00 and we observe that

we(z() = wxe () < 7o)
that
Vs e [0,me(z()], me(z(-+s) = welz(:) —s (6.4)

and that if Ky C Ky and Dy D Ds, then wk, p,)(2()) < @wk,.p,)(2(-)). Let
us point out that

@y, p,(2()) = min owp,(z("))
Therefore,
Vaoe K\C, tkc(z(-)) = min(we(z(-), 7x(z(+)))
Tr\e(®) = wx\\o)(@(-) = weux\k) = min(we(z(:)), wx\x (z(+)))

Consider now a set-valued map F' : X ~» X and denote by Sp(x) the set of
solutions z(-) to differential inclusion 2’ € F(z) starting at the initial state .

Definition 6.1.23 Let C' and K be two closed subsets such that C C K. The
functions w?Kc) : K — Ry U{+o0} and w?KC) : K — Ry U {400} defined
by

Taoy@) =l @ko() & oo = sw @re()
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are called the lower and upper constrained hitting function respectively and the
functions

wp(e) = inf  wo(e() &ab(r) = sup  @o(x()
z()ESF () z()ESk(x)

are called the lower constrained hitting function and hitting function respectively.
The functions 7% - K — R, U {400} and & : K — Ry U {+00} defined by

TE((ZE) = inf  7x(x(") & T}i{(ac) = sup 7x(x("))
z(-)ESF(z) z(-)ESF ()

the lower and upper exit function.

To say that K is a repeller under F' amounts to saying that the exit function
Tﬁ( is finite on K and to say that K\C'is a repeller amounts to saying that
all solutions z(-) € Sp(x) starting from = € K\C reach C or leave K in finite
time, i.e., satisfy 7x\¢(2(-)) = min(we(z(:), 7 (2(+)))) < +oo.

Theorem 6.1.24 Let F : X ~ X be a strict Marchaud map and C and K

be two closed subsets such that C C K. Then the hitting function w?K,C)

1s lower semicontinuous and the exit function Tﬁ( 1S UPper Semicontinuous.

Furthermore, for any x € Dom(w'EKC)), there exists one solution 2°(-) € Sp(z)
which hits C' as soon as possible before possibly leaving K

@ike) (@) = W)@ ()
and for any © € Dom(rk), there exists one solution 2*(-) € Sp(x) which
remains viable in K as long as possible:

This statement is a consequence of the more general Theorem 6.1.26 deal-
ing with upper hypolimits of upper exit functions and epilimits of lower con-
strained epifunctions of subsets that is proved below.
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Consider two sequences of subsets ', C C' and K,, C X and their Painlev-
Kuratowski upper limits

Cﬁ = Limsupn—>+oocn &Kﬁ = Limsupn—>+OOKn

Recall that the upper limit of a sequence of constant subsets C' is the closure
of C.

Definition 6.1.25 We define the hypolimit hmﬁn—nggn of upper exit func-

tions rﬁ(n whose hypograph is the upper limit of the hypographs of the functions

4
Tk,

Hp(limﬁn_,oo(ﬂj(n)) = LimsupnﬂooHp(T}i(n)

1s the upper hypolimit of the functions 7}1(", equal to

(limﬁn_,oorﬁ(J (xg) = lim sup T}i{n(a:n)
n—oo, In — K, L0

In the same way, we define the upper epilimit limﬁT,Hoow?chn) whose epigraph
1s the upper limit of the epigraphs of the functions w'EKan)

(‘:p(lim#nﬂoow?Kn,Cn)) = Limsupnaoogp<w?K"’C"))

1s the upper epilimit of the functions w*(’Kn O equal to

(lim%naoowk(’KanQ (xo) = lim inf w?Kan) ()

n—090, Tn — K, T0O

We the prove this very useful stability result:

Theorem 6.1.26 Let F' : X ~ X be a strict Marchaud map. Consider two
sequences of subsets C,, C C' and K, C X and their Painlev-Kuratowski upper
limits

C* = Limsup,,_, Cn & K' = Limsup,,_, K,
Then

(a) the upper hypolimit of the upper exit functions of a sequence of subsets
K, 1s smaller than or equal to the upper exit function of their upper limit:

(limﬁnﬁoonﬁ(n) (x) < Tfﬁ(u(x)
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(b) the upper epilimit of the lower constrained hitting functions of a sequence
of subsets C,, C K,, s larger than or equal to the lower constrained hitting
function of their upper limit:

V

(limﬁm_)oow?[(mcn)) (x) > w?m,cu)(if)

Proof — Let us begin by proving the first inequality, that can be translated
in the form of the inclusion

LimsuanooHp(Tﬁgn) C Hp(Tfﬁd)

For that purpose, let us take a sequence (T, z,) € Hp(Tﬁ(n) converging to
(T, z) and check that this limit belongs to the hypograph of Tﬁ(ﬁ. By definition,
there exists a solution x,(-) to the differential inclusion 2’ € F(z) starting at
x,, such that, for every t € [0, T,[, x,(t) belongs to K,,. By Theorem 6.1.6, a
subsequence (again denoted by) x,,(+) converges uniformly on compact intervals
to some solution z(-) to the differential inclusion starting at x. Take ¢t < T
and n large enough for having ¢t < T,,. In this case, x,(t) belongs to K, and
passing to the limit, x(¢) belongs to K*. This implies that 7' < Tf(ﬁ (x).

Let us prove now the second inequality, that can be translated in the form of
the inclusion

lesupn—»oogp(wlan,Cn)> - 5]7(@?1{,“0”))

For that purpose, let us take sequences (7, x,) € Sp(w?Kan)) converging to
(T, x) and check that this limit belongs to the epigraph of @k: cs).

For every € > 0, there exist N such that for n > N, there exists a solution
Ty(-) € Sp(zyn) and t, < T, + 5 < T + ¢ such that z,(t,) € C, and for every
s < tn, xn(s) € K,. By Theorem 6.1.6, a subsequence (again denoted by)
x,(+) converges uniformly on compact intervals to some solution z(-) € Sp(z).
Let us consider also a subsequence (again denoted by) t,, converging to some
T* < T+¢. By passing to the limit, we infer that z:(7*) belongs to C* and that,
for any s < T*, x(s) belongs to K*. This implies that w'zmycﬁ)(x) <T* <T+e.
We conclude by letting € converge to 0. O
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6.2 Viability Kernels and Capture Basins

We shall answer in this section questions such as:

starting from K, is it possible to remain viable in K as long as possible,

starting outside K, to reach as fast as possible the subset K being re-
garded in this case as a target.

These two very natural questions lead to the introduction of the following con-
cepts: the viability kernels, the capture basins and the viable-capture basins
of a subset under a set-valued map.

Definition 6.2.1 Let F : X ~ X be a set-valued map and C C K C X be
two subsets, C' being regarded as a target, K as a constrained set.

(a)

(b)

(c)

The subset Viabp(K) of initial states xo € K such that one solution x(-)
to differential inclusion ' € F(x) starting at xo is viable in K for all
t >0 is called the viability kernel of K under F.

A subset K is a repeller under F' if its viability kernel is empty.

The subset Capti (C) of initial states vy € K such that C is reached
in finite time before possibly leaving Kby one solution x(-) to differential
inclusion ' € F(x) starting at xy is called the viable-capture basin of C
i K and

Capt(C) := Capty(C)

18 said to be the capture basin of C.

A subset C C K is said to be isolated in K by F' if it coincides with its
viable-capture basin in K :

Capt®(C) = C

The subset
Viabp(K,C) = Viabp(K) U Captf (O)

of initial states xo € K such that one solution x(-) to differential inclusion
x' € F(x) starting at xq is viable in K for all t > 0 or viable in K until
it reaches C' in finite time is called the viability kernel of K with target C'
under F.
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We observe that

Captp(C) = [JV_p(t,C) C K (6.5)
>0
The subset Envp(C) := Capt_,(C) is known under various names such as

invariance envelope or accessibility map or controlled map of C' (See [179, Quin-
campoix] for properties of invariance envelopes under Lipschitz maps and [17,
Aubin] for Marchaud maps).

Henri Poincar introduced the concept of shadow (in French, ombre) of K,
which if the set of initial points of K from which (all) solutions leave K in
finite time. It is thus equal to the complement K\Viabg(K) of the viability
kernel of K, which has been introduced in the context of differential inclusions
in [7, Aubin]. The concept of viability kernel with a target by a Lipschitz set-
valued map has been introduced and studied in [180, Quincampoix & Veliov],
where the viability kernel algorithm designed in [183, Saint-Pierre] (see also
the survey [80, Cardaliaguet, Quincampoix & Saint-Pierre|) has been extended
for approximating the viability kernel with a target.

One could regard the viability kernel Viabgp(K) of K as the viability kernel
Viabp (K, D) of K with target equal to the empty set:
Viabp(K) = Viabp(K,0) & Capth(d) = 0

Naturally, the viability kernel Viabp (K, C) of K with target C' coincides with
the capture basin Capth (C) of C' viable in K whenever the viability kernel
Viaby(K) is contained in the viable-capture basin Capt’ (C): This is the case
when K is a repeller, or, by Lemma 6.3.5 below, when the viability kernel
Viabp(K) of K is contained in the target C, or even more generally, when
K\C is a repeller:

Viabp(K\C) = § = Viabp(K,C) = Captk(C)

Therefore, the concept of viability kernel with a target allows us to study both
the viability kernel of a closed subset and the viable-capture basin of a target.

We observe that the viability kernel is characterized by

Viabp(K) = {z € K | 7k(z) = 400}
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and that the viable-capture basin
Capth () = {z € K| wEK’C)(x) < o0}

is the domain of the constrained hitting function @ c.

Definition 6.2.2 The subset
Entry(K) = {z € 9K | 7k (z) > 0}

of the upper exit function is called the entry of K under F and its complement
mn K

Egressp(K) = {z € K | 7h(z) = 0}
is called the egress subset of K.

The entry Entry(K) of K under F' is obviously the largest subset of K which
is locally viable under F.

The egress set Egressp(K) of K is contained in the boundary 0K of K. It
is the set of initial states of the boundary from which all solutions leave K
instantaneously in the sense that for all solutions x(-) € Sp(x), there exists a
sequence t,, > 0 converging to 0 such that

Vn>0, z(t,) ¢ K

Let us point out the following useful topological properties:

Proposition 6.2.3 Let F' : X ~ X be a strict Marchaud map and K C X
be a closed subset. If M C X\Viabp(K) is compact, there exists T > 0 such
that, for every x € M and every solution x(-) € Sp(x), there exists t € [0,T]
such that x(t) ¢ K.

Proof — Indeed, M being compact and the exit function being upper semi-
continuous, then sup,c,, 7 (z) is finite because, for each = € M, 7h(z) is
finite. O
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Proposition 6.2.4 Let us assume that K is a compact and that F : X ~ X
18 Marchaud.

Then either the viability kernel of K is not empty or K is a repeller, and in
this case, there exists T € [0, +oo[ such that
(a) there exists a solution x(-) € Sp(z) viable in K on the interval [0,T],

(b) for any T > T, for any solution x(-) € Sp(x), there exist t €|T,T] such
that x(t) ¢ K.

Proof — When K is a repeller, the exit function is finite. Being compact,
T := sup,cg Tlti((:z:) is thus finite and achieves its maximum at some z. By
Theorem 6.1.24, there exists a solution Z(-) € Sp(Z) such that 7x(Z(-)) =
r(z)=T. O

In other words, when K is a compact repeller, the subset

{reK|ri(x) = T}
can be regarded as the “viability core”, so to speak, because it is the subset
of initial states from which one solution enjoys the longest “life expectation”

T in K. The viability kernel, when it is nonempty, is the viability core with
infinite life expectation.

6.3 Characterization of Viable Kernels and Cap-
ture Basins

This section is devoted to properties and characterizations of viability kernels
and viable-capture basins respectively, such as:

Theorem 6.3.1 Let us assume that F is Marchaud and that K is closed. The
viability kernel Viabp(K) of the subset K is

(a) the largest closed subset of K wviable under F,
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(b) if K is assumed to be backward invariant under F, the unique closed
subset D C K satisfying

i) D is viable under F'
i1) D is backward invariant under F (6.6)
iii) K\D is a repeller

and

Theorem 6.3.2 Let us assume that ' is Marchaud and let C' and K be two
closed subsets such that Viabp(K) C C C K. Then the viable-capture basin
Capt® (C) of C is

(a) the largest closed subset D satisfying

i) ¢ cDCK
i1) D\C is locally viable under F’

(b) if K is assumed to be backward invariant under F, the unique closed
subset D satisfying

i) CcDCK
it) D\C is locally viable under F’
i1i) D is backward invariant under F’

The uniqueness properties of the viability kernel and the viable-capture basins
are obtained thanks to the Frankowska method? consisting in introducing (local)
backward invariance together with (local) forward viability of subsets.

2Hélene Frankowska did point out in ([121, 122, Frankowska]) the backward invariance and local
forward viability properties of the epigraph of the value function of an optimal control problem:
She proved that the epigraph of the value function of an optimal control problem — assumed to be
only lower semicontinuous — is invariant and backward viable under a (natural) auxiliary system.
It allowed her to characterize the value functions as unique solutions of contingent inequalities,
and, by duality, to obtain lower semicontinuous (or bilateral) solutions to Hamilton-Jacobi partial
differential equations, obtained by other methods in [50, Barron & Jensen| (See also [42, Bardi &
Capuzzo-Dolcetta] for more details on this point of view). Furthermore, when it is continuous, she
proved that its epigraph is viable and its hypograph invariant ([117, 118, 119, 120, Frankowska]).
By duality, she proved that the latter property is equivalent to the fact that the value function is a
viscosity solution of the associated Hamilton-Jacobi equation in the sense of M. Crandall and P.-L.
Lions in [89, Crandall and Lions P.-L.]. Such concepts have been extended to solutions of systems
of first-order partial differential equations without boundary conditions by Hélene Frankowska and
the author (see chapter 8 of [8, Aubin]).
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Actually, we can spare the assumption that K is backward invariant in both
these theorems if we are ready to trade the property that D is backward
invariant with the weaker property that D is isolated in K by F' in the sense
that Capth (D) = D. This property happens to be crucial. Indeed, we shall
derive these theorems from Theorem 6.3.11 and 6.3.13 below.

6.3.1 Isolated Subsets by a Set-Valued Map

We first characterize the isolation of a target C' in K by F"

Proposition 6.3.3 Let D and K be two closed subsets such that D C K.
Then the following properties are equivalent:

(a) D is isolated in K by F: Capty (D) = D,

(b) for allx € K\D, no solution can reach D before (possibly) leaving K, or,
equivalently, are viable in K\D before leaving K,

(c) property
Vye DVy()eS p(x), 3 t, -0+ |ylt,) € DU(X\K) (6.7)

holds true.

Proof — The equivalence between the two first statements is obvious. For
proving the equivalence between the first and the third statements, we observe
that to say that there exists x € Capts (D)\D amounts to saying that there
exists a solution z(-) to the differential inclusion 2’ € F(z) starting at z
and T := wp(z(-)) €]0,00[ such that, for every ¢t € [0,T[, z(t) € K\D and
x(T) € D, because D is closed. Let z(-) € S_p(x) and

S w(T -t i teloT]
y(t) _{z(t—T) it +>7

Then this is equivalent to say that y(-) € S_p(z(T")) where y(0) = z(T') € D
satisfies

Viel0, 7], y(t) € K\D
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i.e., that D satisfies
dyeD, 3 y(-)eS p(x), IT>0|Vte[0,T], y(t) e K\D (6.8)

which is the negation of property (6.7). O

Lemma 6.3.4 below provides some properties that are needed later:

Lemma 6.3.4 If D C K 1is locally backward invariant under F', then D is
isolated in K by F: Capt® (D) = D.

Conversely, if D is isolated in K by F, then

(a) D\OK = D N Int(K) is locally backward invariant,

(b) if K is itself locally backward invariant, then the closed subset D is locally
backward invariant.

Proof — The first statement being obvious because local backward invari-
ance of D implies property (6.7), we now posit this property (6.7).

Assume that D\JK is not locally backward invariant. This means that there
exists a solution y(-) € S_p(z) and a sequence ¢, > 0 converging to 0 such
that y(t,) ¢ D NInt(K). By (6.7), y(t,) belongs to D U (X\K), and thus,
y(t,) ¢ K for n large enough, a contradiction.

Assume now that D is not locally backward invariant. This means that there
exists a solution y(-) € S_p(z) and a sequence ¢, > 0 converging to 0 such
that y(t,) ¢ D. By (6.7), y(t,) belongs to D U (X\K), and thus, y(t,) ¢ K.
Assuming further that K is locally backward invariant, we know that there
exists T' > 0 such that y(t) € K for every t € [0,T]. Hence y(t,) belongs to
K, still a contradiction. O

6.3.2 Repellers under a Set-Valued Map

We first observe that a subset K is a repeller if and only if all solutions to the
differential inclusion 2’ € F(x) starting in K leave K in finite time.

We single out the following
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Lemma 6.3.5 Let D C K and K be two subsets: If K\D is a repeller,
then the wiability kernel Viabp(K) is contained in the viable-capture basin
Capth(D):

Viabp(K\D) = () = Viabp(K) C Capts (D) = Viabp(K, D)

Proof —  Assume that Viabp(K) is not contained in Capt% (D) and let =
belong to Viaby (K )\Capth (D) and z(-) a solution to the differential inclusion
x' € F(z) starting at 2 and viable in K. Since 2 does not belong to Capt® (D),
we deduce that z(-) is viable in K\ D. This contradicts the assumption that
K\D is a repeller. O

6.3.3 Characterization of the Viability Kernel With a
Target

Proposition 6.3.6 Let us consider two subsets C' and K of X satisfying C C
K. The viability kernel Viabp(K,C) of a subset K with target C under F
satisfies the following properties:

ii) Viabgp(K,C) is isolated in K by F (Capt® (Viabg(K,C)) = Viabp(K,C))

i) Viabp(K,C)\C is locally viable under F'
ii1) K\Viabp(K,C) is a repeller (Viabp(K\Viabg(K,C)) = 0

Proof —  For proving the first statement, take oy € Viabp(K,C)\C and
prove that there exists a solution z(:) to the differential inclusion 2’ € F(z)
starting at x viable in Viabg(K, C')\C on a nonempty interval. Indeed, there
exists a solution z(-) to the differential inclusion =’ € F(z) starting at zg
viable in K forever or until a finite time 7' > 0 when x(T) € C. Then for
all t € [0,7][, the function y(-) defined by y(7) := x(t + 7) is also a solution
to the differential inclusion starting at x(t), viable in K forever or until the
finite time 7" —t > 0 when y(T" — t) = x(T") € C. Hence z(t) does belong to
Viabg(K,C)\C for every t € [0,T].

For proving that Viabg(K, C) is isolated in K, assume that

Vo € Capth(Viabp(K,C))\Viabp(K,C)
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and derive a contradiction. Starting from xz¢, there exists a solution z(-) €
Sr(xg) viable in K until it reaches the viability kernel Viabp(K,C) of K at
some finite time 7" > 0 at z(T") € Viabp(K, C).

Either 2(T") belongs to the viability kernel Viabp(K'), and we concatenate x(-)
with one solution to the differential inclusion z’ € F(z) starting at time T
from x(7T") viable in K, which exists. Hence xy would belong to the viability
kernel Viabg(K), a contradiction.

Or z(T) belongs to the viable-capture basin Capt% (C), and we concatenate
x(+) with one solution to the differential inclusion 2’ € F(z) starting at time T
from z(T") viable in K until it reaches C'in finite time. Hence this concatenated
solution is viable in K until it reaches C', and xy would belong to the viable-
capture basin Capt® (C), a contradiction.

Finally, the subset K\Viabp(K, () is obviously a repeller: Every solution
starting from « € K\Viabg (K, C) must leave K in finite time by definition of
the viability kernel of K with the target C'. O

We now prove that the viability kernel with a target is closed whenever F is
Marchaud.

Theorem 6.3.7 Assume that F is Marchaud and that C C K are closed.
Then the viability kernel Viabp(K,C) of K with target C' by F is closed.

Proof — Let z,, € Viabp(K, C) converge to z and prove that x belongs to
the viability kernel Viabp (K, C) of K with target C. Since C' C Viabp(K, C),

we need only to check this when x does not belong to C'.

Assume that = does not belong to the viability kernel Viabp (K, C') of K with
target C' and derive a contradiction. Hence x does neither belong to the
viability kernel Viabp(K) nor to the viable-capture basin Capth(C) of C.
Since = does not belong to the viability kernel Viabp(K) of K, there exists
n > 0 such that the compact subset B(z,n) N K is disjoint from the viability
kernel Viabp(K'). Hence

T = sup T (y)
yeB(z,n)NK

is finite, since the upper exit function is finite and upper semicontinuous on a
compact set thanks to Theorem 6.1.24.
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Therefore, for any n large enough,

w?K,C)(J:n) < Tlﬁ((xn) <T

By the lower semicontinuity of the minimal hitting function w?KC) provided
by Theorem 6.1.24, we infer that

w?K’C)(x) < T < 4

so that there exists a solution x(-) € Sp(z) such that

we)(@() = Dgey(r) < T

This implies that 2 belongs to the viable-capture basin Capt® (C), the contra-
diction we were looking for. O

Theorem 6.3.8 Assume that F' is Marchaud. Let C C D C K be closed
subsets.

Then the viability kernel Viabp (K, C) of K with target C under F is the largest
closed subset D C K such that D\C' is locally viable.

Proof — Theorem 6.3.7 and Proposition 6.3.6 imply that the viability kernel
Viabp (K, C) of K with target C' under F' is the a closed subset such that
Viabp(K,C)\C is locally viable.

Let D C K such that D\C is locally viable. Since C' C Capth(C) C
Viabp(K,C), let us take z in D\C. Either = belongs to the viability ker-
nel Viabg(K), or every solution starting from z leaves K, and thus D\C, in
finite time, i.e., reaches C' or leaves D ouside C' in finite time. Assume that
no solution reaches C' in finite time and derive a contradiction. In this case,
all solutions leave D in finite time, i.e., T},(x) is finite. At least one of them,

a solution z%(+) € Sp(z) maximizes 7p(z(-)):

Th(z) == sup 7p(z() = mo(a*())

z(-)ESF(z)

Such a solution does exist by Theorem 6.1.24, since D is closed and F' is
Marchaud. Let us set 2 := 2#(75(x)), which belongs to D\C. Since D\C' is
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locally viable, one could associate with z* € D\C a solution y(-) € Sp(z*) and
T > 0 such that y(7) € D\C for all 7 € [0,T]. Concatenating this solution
to 2#(-), we obtain a solution viable in D on an interval [0, 75(z) 4+ T, which
contradicts the definition of x*(-).

Furthermore, 2#(-) is viable in K on [0, 75 (2)] since D C K. This implies that
D C Captf (C) C Viabgp(K,C). O

Theorem 6.3.9 Let C C D. Then the viability kernel Viabp(K,C) is the
smallest subset D between C' and K isolated in K by F such that K\D is a
repeller.

Proof — Proposition 6.3.6 implies that the viability kernel Viabg (K, C) is
isolated in K by F' and that K\D is a repeller.

Conversely, if K\D is a repeller, then the viability kernel Viabp(K) is con-
tained in the viable-capture basin Captf (D):
Viabp(K\D) = () = Viabp(K) C Capt® (D)

Otherwise, let us assume that Viaby(K) is not contained in Capth (D): There
exists # belonging to Viabp(K)\Capth (D) and z(-) a solution to the differen-
tial inclusion o’ € F'(x) starting at « and viable in K. Since z does not belong
to Capth (D), it cannot reach D in finite, so that we deduce that x(-) is viable
in K\D. This contradicts the assumption that K\D is a repeller.

Since we assumed furthermore that D is isolated in K by F', we infer that
Viabp(K) C Capti(D) = D
and thus, that Viabg(K,C) C Viabg(K, D) = Viabp(K) U Capth (D) = D.

a

Theorems 6.3.8 and 6.3.9 imply the following characterization of viability ker-
nels with targets:

Theorem 6.3.10 Let us assume that F' is Marchaud and that the subsets
C and K are closed and satisfy C C K. The viability kernel Viabp(K,C)



158

of a subset K with target C' under F' is the unique closed subset satisfying
CcDcCK and

i) D\C is locally viable under F'
ii) D is isolated in K by I (Capth (D) = D) (6.9)
iii) K\D is a repeller (Viabp(K\D) = 0)

6.3.4 Properties of Viability Kernels

Taking C' = (), Theorem 6.3.1 follows from Lemma 6.3.4 and the following
Theorem 6.3.11:

Theorem 6.3.11 Let us assume that F is Marchaud and that K s closed.

The viability kernel Viabp(K) of a subset K is

(a) the largest closed subset of K viable under F
(b) the unique closed subset D C K satisfying
i) D is viable under F'

ii) D is isolated in K by F (Capth (D) = D) (6.10)
ii1) K\D is a repeller (Viabp(K\D) = 0

Proof — Indeed, if C =, then K := K\{ is locally viable is viable under
F'if and only if it is viable under F' because the growth of the set-valued map
I being linear, no solution explodes in finite time, so that a solution locally
viable in K can be extended to a solution globally viable in K. O

6.3.5 Properties of Viable-Capture Basins

We point out the following obvious properties® of the viable-capture basins:

Proposition 6.3.12 Let C' C K be closed subsets.

3See [179, Quincampoix] for other properties in the framework of invariance envelopes of Lips-
chitz maps.
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(a) The capture basin Captp(C') is the smallest backward invariant containing
C' and Captz(C)\C is locally viable. The capture basin of any union of
subsets C; (i € I) is the union of the capture basins of the C;.

(b) The complement Capth (C)\C of C in the viable-capture basin Capt® (O)
18 locally viable and

Captf(C) = Capty. P V()
(c) The viable-capture basin Capt® (C) is isolated in K by F:
Capty: (Capty (C)) := Capty (C)

i.e., for all v € K\Capty(K), all solutions leave K before possibly reach-
ing Capth (C), or, equivalently, are viable in K\Capt® (C) before leaving
K.

(d) When C C K where K is backward invariant, then the viable-capture
basin and the capture basin of C' coincide;

Capth (C) = Captp(C) C K

Proof — The semi group property of Proposition 6.1.9 implies that the
capture basin is the union of the backward reachable subsets:

U ﬂ—F(ta O)

t>0

and is backward invariant. If K is backward invariant, each backward reach-
able set ¥_p(t,C) is contained in K, so that

Capt(C) = (JV_r(t,C) C K

>0

Since the intersection of backward invariant subsets is backward invariant, the
capture basin is contained in the smallest backward invariant subset containing

C.

If 2 belongs to Capth (C)\C, then there exists a solution to the differential
inclusion z’ € F(z) starting from x which reaches C' before leaving K, and
thus, which is viable in Capt% (C)\C on some nonempty interval.
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Let us set D := Capty(C) and assume that there exists zo € Capt® (D)\D,
and therefore, a solution x(-) € Sr(xy) viable in K until it reaches D :=
Capth (C) in finite time T at 2(T) € Capth(C). We concatenate it with a
solution starting at time 7" at x(7T") viable in K until it reaches C' at finite time
S. This means that zy belongs to D := Capt® (C), a contradiction.

When C' C K where K is assumed to be backward invariant, then the capture
basin Capty(C) is contained in K. 0O

Remark — Denote by P(X) and F(X) the families of subsets and closed
subsets of X respectively. The map C' € P(X) — Captp(C) € P(X) is
increasing, extensive and idempotent. Such maps are called closings. Proposi-
tion 6.3.12 implies that the map C' € P(C) — Captp(C) € F(X) is also the
Galois transform of the map C' +— Inv_g(C):

Captp(C) = N M := Galois transform of C' +— Inv_p(C)

Inv_r@n)oc

If a power map B : F(X) — F(X) mapping closed subsets to closed subsets
is either increasing or decreasing for the inclusion preorder, the (algebraic)
Tarski Fixed-Point Theorem implies the existence of a fixed set C' such that

~

C' = Captp(B(C))
and a fixed set C such that

C = B(Captp(C))
See Chapter 7 of [13, Aubin] for more details. O

Theorem 6.3.2 follows from Lemma 6.3.4 and the following Theorem 6.3.13:

Theorem 6.3.13 Let us assume that F' is Marchaud and that a closed subset
C C K satisfies property
Viabp(K\C) = 0 (6.11)

Then the viable-capture basin Captt (C) is the unique closed subset D satis-
fying C C D C K and

{ i) D\C' is locally viable under F’

i) D is isolated in K by F (Capti (D) = D) (6.12)
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6.4 The Barrier Property

The boundary of the viability kernel satisfies the barrier property:

Definition 6.4.1 If D C K, the boundary Ok (D) of D relative to K is the

subset

Ox(D) == DN (K\D)

and the subset 0D = Ox(D) is called the boundary of D. We shall say that
a subset D C K enjoys the barrier property relative to K under F' if for every
x € Ok (D), all solutions starting from x viable in D are actually viable in the
boundary Ok (D) of D relative to K until they reach the boundary of K. It
enjoys the (global) barrier property if all solutions starting from the boundary
of D wiable in D until they leave K are actually viable in the boundary of D
until they leave K.

We see at once that
Ok (D)NInt(K) = 0D NInt(K)

and that
if D C Int(K), then 0x(D) = 90D

Remark on the barrier property: — The “barrier property” of the viabil-
ity kernel of a closed subset has been discovered by Marc Quincampoix in [178,
Quincampoix| and generalized by Pierre Cardaliaguet in [79, Cardaliaguet]. It
plays an important role in control theory and the theory of differential games,
because every solution starting from the boundary of the viability kernel can
either remain in the boundary or leave the viability kernel, or equivalently, no
solution starting from outside the viability kernel can cross its boundary: such
solutions can only remain on the boundary of the viability kernel, or leave it.

This is a semi-permeability property of the viability kernel, which is very
important in terms of interpretation. Viability is indeed a very fragile property,
which cannot be reestablished from the outside: In other words, love it or leave
it.. O
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Theorem 6.4.2 If F' is Marchaud and Lipschitz, then the wviability kernel
Viabp(K, C) of a closed subset K with a closed target C C K under F enjoys
the barrier property relative to K.

Proof — Let = belong to dx(Viabp(K,C) and z(-) € Sp(x) be a solution
viable in K forever (w?KVC) ((-)) = +o0) or until it reaches C at finite time

w?KC)(x()) < +o00. Let x,, € K\Viabp (K, C') converge to z. By the Filippov
Theorem 6.1.11, there exists a solution x,(-) € Sp(x,) such that
V>0, [la(t) -zl < ez — ]

where A is the Lipschitz constant of F'. Hence the solutions z,(-) converge to
the solution z(-). Since Viabp (K, C) is isolated, we know that for every n,

Vi <7g(x,(:)), z,(t) € K\Viabp(K,C)

Since wok (zn()) < 7i(z,(-)) and since the functional z(-) — wok (x(+)) is
lower semicontinuous, we infer that for every t < wyg (z(-)) there exists N > 0
such that for any n > N,

t < ’{DaK(wn()) < TK(xn('))

and thus, that z,(t) belongs to K\Viabg(K,C). Taking the limit, we infer
that z(t) belongs to K\Viabp(K,C). Hence z(t) belongs to the boundary
Ok (Viabp(K, C)) relative to K whenever t < wyg(z(-)). O

Taking C' = (), we obtain the original Quincampoix Theorem:
Theorem 6.4.3 (Quincampoix) If F' is Marchaud and Lipschitz, then the
viability kernel Viabp(K) enjoys the barrier property relative to K.

In particular, if Viabp(K) C Int(K), then the boundary of the viability kernel
enjoys the barrier property.

6.5 Viability Kernels of Backward Invariant
Sets

We obtain further properties when K is backward invariant under F. To
begin with, Proposition 6.3.12 implies that the capture basin Captp(C) =
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UrsoY-r(T,C) — being the smallest backward invariant containing C' — is
contained in K and equal to Capt% (C), so that

Viabp(K,C) = Viabp(K) U Captp(C)
Let us mention another useful property:

Theorem 6.5.1 Assume that F' is Marchaud and that C C K and K are
closed and that K is (globally) backward invariant under F'. Then the viability
kernel Viabp(K,C) of K with target C' under F is the unique closed subset
D satisfying C C D C K and

i) D\C is locally viable under F
i1) D is backward invariant under F' (or, equivalently, X\ D is invariant under F)
iti) K\D is a repeller under F

Furthermore, if F' is also Lipschitz, then the viability kernel Viabp(K,C) of
K with target C' under F' enjoys the barrier property.

Proof — To say that K is backward invariant amounts to saying that
the complement of K is invariant thanks to Theorem 6.1.20. Therefore,
Viabp(K, C) being isolated and K\ Viabg(K, C') being a repeller, all solutions
starting from K'\Viabp(K,C) leave K in finite time before possibly hitting
C'. Actually, they never reach C' because the complement X\ K is invariant.
Hence we have checked that the complement X\Viabp(K,C) of the viabil-
ity kernel of K with target C' is invariant. Theorem 6.1.20 implies that the
viability kernel Viabg(K,C) of K with target C' is backward invariant.

When F is assumed to be Lipschitz, we deduce from the invariance of X\ Viabg (K, C)
and from Proposition 6.1.16 that the closure X'\Viabg(K,C) is invariant.
Therefore, any solution starting from

x € 0(Viabp(K,(C)) = Viabp(K,C) N X\Viabp(K, C)

viable in Viabg (K, C') on the interval [0, 7 (z(+))[ is also viable in X\ Viabg(K, C),
and thus, on the boundary 0(Viabp(K),C) of the viability kernel. 0O

When C = (), we deduce that the viability kernel of a closed backward invariant
subset is both viable and backward invariant:
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Theorem 6.5.2 Assume that F' is Marchaud and that a closed subset C' C X
is closed and (globally) backward invariant under F. Then the viability kernel
Viabp(K) of K under F' is the unique closed subset D C K satisfying

i) D is viable under F’
it) D is backward invariant under F' (or, equivalently, X\ D is invariant under F)
iti) K\D is a repeller under F’

Furthermore, if F' is also Lipschitz, then the viability kernel Viabp(K,C) of
K with target C' under F' enjoys the globa barrier property.

When K\C'is a repeller, we obtain the following consequence:

Theorem 6.5.3 Let us assume that F is Marchaud, that the closed subsets
C C K and K are closed, that Viabp(K\C) = 0 and that K is backward

mvariant under F'.

Then the capture basin Captp(C) is equal to Upso¥_p(T, C) and is the unique
closed subset D which satisfying C C D C K and

i) D\C is locally viable under F'
it) D is backward invariant under F' (or, equivalently, X\ D is invariant under F')

We now mention this useful result:

Proposition 6.5.4 (Cardaliaguet) Assume that F is Marchaud and K is
a closed subset. The limit-sets of the backward solutions are contained in the
viability kernel of K.

Proof — Let us consider any backward solution y(-) € S_r(yo) and let us
choose any cluster point y, := lim,, 1 y(t,) of y(-). Therefore, x,,(t) = y(t,—
t) is a forward solution starting at x,,(0) = y(t,,) and satisfying x,,(t,) = yo. By
Theorem 6.1.6, a subsequence (again denoted by) z,(-) converges to a solution
x(-) € Sp(y). Since for every n such that ¢, > ¢, z,(t) = y(t, — t) belongs
to K assumed to be backward invariant, we deduce that for every ¢ > 0, z(t)
belongs to K. Hence y, belongs to the viability kernel of K. O
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In particular, we infer that a compact backward invariant subset has a nonempty
viability kernel:

Corollary 6.5.5 Assume that F' is Marchaud and K is a compact subset back-
ward invariant under F'. Then the viability kernel Viabp(K) is nonempty and
both viable and backward invariant.

Let us point out this other consequence useful for “localizing” the viability
kernel:

Corollary 6.5.6 Assume that F is Marchaud, that K is a closed locally back-
ward viable subset and that C' C K satisfies

(a) C is closed and backward invariant under F,
(b) K\C is a repeller under F.

Then the viability kernels Viabp(K) and Viabp(C) of K and C' coincide.

Proof — The viability kernel Viabg(C') is viable and backward invariant
by Proposition 6.5.2. Its complement K\ Viabg(C) is a repeller, because both
C\Viabp(C) and K\C are repellers. Since K is assumed backward locally
viable, Theorem 6.3.1 implies that Viabp(C) = Viabgp(K) is the viability
kernel of K. O

When K is not backward invariant, we can consider its backward invariance
kernel and its viability kernel:

Proposition 6.5.7 Let K be a subset. Then Viabp(Inv_p(K)) is the largest
subset viable and backward invariant contained in K.

Proof — First, we know that M := Viabp(Inv_g(K)) is backward invariant
by Theorem 6.5.2.

Consider now any subset C' C K viable and backward invariant under F. Since
C' is backward invariant under F', then C' C Inv_p(K). Since C is a viable
subset of Inv_p(K), it is contained in its viability kernel Viabp(Inv_g(K). O
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6.6 Frankowska’s and Viscosity Property of Vi-
ability Kernels

Using the Viability Theorem 6.1.6 and the Invariance Theorem 6.1.15, we
deduce that the viability kernels and the viable-capture basins enjoy tangential
conditions.

To begin with, property (6.7) allows us to deduce the following tangential
characterization of isolated subset by a set-valued map:

Theorem 6.6.1 Let us assume that F' is Lipschitz. Then a closed subset
D C K is isolated in K by I in the sense that D = Capt% (D) if and only if

i) YereDNInt(K), —F(z) C Tp(x) (6.13)
it) Vee DNOK, —F(x) C Tp(x) UTx\k(z) '
or, equivalently in normal form, if and only if
i) VeeDNInt(K), Vpe Np(z), o(F(z),—p) < 0 6.14
ii) ¥oeDNAK, ¥pe Np(@) N Negle), o(F(x),—p) <0 19

We thus introduce the following Frankowska property:

Definition 6.6.2 Let us consider a set-valued map F : X ~ X and two
subsets C' C K and K. We shall say that they satisfy the Frankowska property

of
it) VexeDNInt(K), —F(z) C Tp(x) (6.15)
iii) Yee DNOK, —F(x) C Tp(x)UTx k()

or, equivalently, by duality, satisfying the “normal conditions”

{ i) YaxeD\C,Vpe Np(x), o(F(z),—p) > 0

{ i) VYxeD\C, Flx)NTp(x) # 0

i) YezeDNInt(K), Vpe Np(z), o(F(x),—p) < 0 (6.16)

i) Yee DNOK, Vpe Np(x) N Nyg(z), o(F(x),—p) <0

When K is assumed further to be backward locally invariant, the above condi-
tions (6.15) and (6.16) boil down to

{z) Vae D\C, Fx)NTp(x) # 0

ii) YoeD, —F(z)C Tpx) (6.17)
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and

{ i) Yxe&D\C,Vpe Np(x), o(F(z),—p) (6.18)

it) YeeC,Vpe Np(x), o(F(x),—p) <

<l

respectively.

The equivalence between the tangential and normal formulations follows from
Theorems 6.1.20 and6.1.18.

Theorem 6.6.3 Let us assume that F' is Marchaud and that C C K and K
are closed. The viability kernel Viabp(K,C) of the subset K with target C
under I is

(a) the largest closed subset D of K satisfying
Ve D\C, Flx)NTp(x) # 0

(b) when F is assumed to be also Lipschitz, the viability kernel Viabp (K, C)
1s the unique closed subset D C K satisfying

i. the Frankowska property (6.15) (or its dual formulation (6.16)),
it. K\D is a repeller.

As a consequence, we obtain the following tangential characterization of viable-
capture basins:

Theorem 6.6.4 Let us assume that F' is Marchaud, that K is closed and that
a closed subset C' satisfies Viabp(K\C) = (). Then the viable-capture basin
Capth (C) is

(a) the largest closed subset D satisfying C C D C K and

VaeD\C, F(z)NTp(z) # 0 (6.19)

(b) if F is Lipschitz, the unique closed subset D satisfying the Frankowska
property (6.15) (or its dual formulation (6.16)).
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We now define the following viscosity property:

Definition 6.6.5 Let us consider a set-valued map F : X ~ X and two
subsets C' C K and K. We shall say that they satisfy the viscosity property if

i) YxeD\C, Flx)NTp(x) # 0
{ ii) ¥ eX\D, Flz)C Tgp(e) (6.20)
and, in normal form,
i) VYxeD\C,Vpée Np(zx), o(F(x),—p) > 0 91
{ ii) ¥ eX\D, Vpe Ngpla), o(F(x).p) < 0 (6.21)

respectively.

When C' = (), we recognize the definition of a discriminating kernel of K of
the hamiltionian H(z,p) := o(F(x), —p) given in [79, Cardaliaguet].

Theorem 6.6.6 Let us assume that F' is Marchaud and Lipschitz and that
C C K and K are closed and that K s backward invariant. The viability
kernel Viabp (K, C') of the subset K with the target C under F' is the unique
closed subset D C K satisfying the

(a) the viscosity property (6.20) (or its dual formulation (6.21)),
(b) K\D s a repeller.

6.7 Stability Properties

Let us point out the following stability properties of the viability kernels and
the viable-capture basins:

Theorem 6.7.1 Let us consider a sequence of closed subsets K, C K and
C, C K,. If the set-valued map F' is Marchaud, then

Limsup,,_, , . Viabp(K,,C,) C Viabp(Limsup,_, . K,, Limsup,_ ., C,)
(6.22)
If we assume furthermore that for all n > 0, Viabp(K) C C,,, then

Li nor s
Limsup,,_, .Captp"(C,,) C CaptFlmsup”H“‘;K (Limsup,,_,, ,,Cyn) (6.23)
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Proof — Let us set
C* := Limsup,_, . .C, & K* := Limsup,_ K,
For proving that
Limsup,,_, . Viabp(K,,C,) C Viabp(Limsup,,_, . C,, Limsup,,_,, K,)
let us consider the limit & := lim, ., =, € K* of elements x,, of
Viabgp(K,,C,) = Viabp(K,) U Captp"(C,)

An infinite subsequence (again denoted by) z,, must belong to Viabg(K,) or
to Captp™(C). Let 2,(-) € Sp(z,) be a solution to the differential inclusion
x' € F(z) starting from x,, and

e viable in K, forever
e viable in K, until it reaches C,, at finite time ¢,,.
Since F'is Marchaud, Theorem 6.1.6 implies that a subsequence (again denoted

by) x,(-) converges to some z(:) € Sp(z) uniformly on compact intervals.

In the first case, we infer that x belongs to the viability kernel of the upper
limit K* since for every t > 0, z,,(t) € K,,.

In the second case, consider the case when this limit z does not belong to the
viability kernel Viabp(K*) of the upper limit K* This means that Tﬁd (x) is
finite. Since z,(t,) belongs to C,, and for every s € [0,t,], z,(s) belongs to
K, we deduce that ¢, < Tﬁ(n(xn) On the other hand, since F' is Marchaud,
Theorem 6.1.26 implies that

lim sup T}t:i(n(xn) < 7'?@1@)

n——+00,Tn —K, T
and thus, for n large enough
tn < T (2n) < The(z)+1 < +o00

Therefore, a subsequence (again denoted by) ¢, converges to some ¢t < T.
Hence z,(t,) € C, converges to x(t), which thus belongs to the upper limit
C".
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Furthermore, for every s € [0, ¢], there exists N such that t,, € [s,¢[ whenever
n > N. Since 7,(s) belongs to K,,, we infer that z(s) € K* for every s € [0, .
This implies that

t > wgeen(e() > W?Kﬁ,Cﬁ)<x)

Hence z belongs to the capture basin of C* viable in K. O

Taking C,, = (), we obtain the following consequence:

Theorem 6.7.2 Let F' be a Marchaud set-valued map and K, be a sequence
of closed subsets. Then

Limsup,, , ., Viabp(K,) C Viabp(Limsup,,_, . Kp,)

For the lower Painlev-Kuratowski limits, we obtain the following stability prop-
erty of capture basins:

Theorem 6.7.3 If the set-valued map F is Lipschitz, then for any sequence
of closed subsets C,,,

Captp(Liminf, . C,,) C Liminf, ;Captp(C,) (6.24)

Proof — For proving that
Capt p(Liminf, ., C,) C Liminf, ., Capt(C,)

let C” denote the lower limit of the subsets C,. Let us take x € Capty(C®)
and a solution z(-) € Sp(z) viable in K until it reaches the target C® at time
T < +o0 at ¢ := x(T) € C°. Hence the function t + y(t) := (T —t) is
a solution y(-) € S_p(c). Let us consider a sequence of elements ¢, € C,
converging to c.

The Filippov Theorem states that there exist solutions y,(-) € S_g(¢,) such
that

ly(t) = @Il < €¥llc = cnl
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where A is the Lipschitz constant of F'. Therefore z,, := y,,(T") converges to .
It is enough to observe that z,, belongs to Capt,(C),) to conclude. O

As a consequence, we obtain the following

Theorem 6.7.4 Let us consider a sequence of closed subsets C,, satisfying
Viabp(K) C C,, C K and

Lim, . 15C, := Limsup,_,  C, = Liminf,

If the set-valued map F' is Marchaud and if K is closed and backward invariant
under F', then

Lim,,_ 1o Capts (C,) = Capth (Lim,_;+C,) (6.25)
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