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ABSTRACT

The aim of this paper is to combine two ways for representing uncertainty
through stochastic differential inclusions: a “stochastic uncertainty”, driven by a
Wiener process, and a “contingent uncertainty”, driven by a set-valued map, as
well as to consider stochastic control problems with continuous dynamic and state
dependent controls.

This paper is also devoted to viability of a closed subset under stochastic differ-
ential inclusions, characterized in terms of stochastic tangent sets to closed subsets.

1 Introduction

The first aim of this paper is to combine two ways for representing uncertainty
through stochastic differential inclusions: a “stochastic uncertainty”, driven by a
Wiener process, and a “contingent uncertainty”, driven by a set-valued map 2 as
well as to consider stochastic control problems with continuous dynamic and state
dependent controls.

The second objective is to extend to stochastic differential inclusions the Viability
Theorem for nonstochastic differential inclusions (see [7, Aubin] for an exhaustive
presentation, historical comments and a bibliography). In [3, Aubin & Da Prato], the
Nagumo Theorem was extended to stochastic differential equations with Lipschitz or
monotone dynamics. Here, we extend this theorem not only for continuous single-

1 This research was supported by the European Human Capital and Mobility programme through
the network “CALCULUS OF VARIATIONS AND CONTROL OF CONSTRAINED UNCER-
TAIN SYSTEMS” during mutual visits. The authors wish to thank Heléne Frankowska and Jerzy
Zabczyk for their useful and deep comments.

2which can even be a “fuzzy set-valued map” as in [5, Aubin & Dordan].



valued drift and diffusion coefficients, but also to the case of what can be called
stochastic differential inclusions.

Let us set X := R", Y := R™, and let us consider a closed subset K of X and
a stochastic differential inclusion

dé € F(E(t))dt + g(€(t))dW (¢),

where F' is a set—valued maps vith values in X, and g is a map in £(Y, X) respectively,
and W is an Y—valued Wiener process. It describes the contribution of two kinds of
randomness: a contingent one, represented by a set—valued drift, and a stochastic
one described by a diffusion.

More generally we shall consider the case of control problems of the form

i) d& = f(&(t),u(t))dt + g(&(t), u(t))dW (t)
i1) for almost all (w,t) € @ x [0,1], wu,(t) € U(zu(t)),

where the constraints in the controls depend upon the states.
They fit to the following framework. If H is a set—valued map from X to X X
L(Y, X), we introduce stochastic differential inclusions of the form

d¢ € H(E, dt @ dW (1)).

We look for “weak solutions” &(-) in the sense of [14, Stroock & Varadhan| (also
known under the name of “martingale solutions” in the sense of [11, Da Prato &
Zabezyk]): there exist a probability space (Q, A, P) with a filtration {F;} and a
Wiener process W such that

&) = &0) + /0 "a(s)ds + /0 " 5(s))diT (5)

where for almost all (w,t) € Q x [0, 0],

(G (1), B (1)) € H(E(1)).

We also want to prove the (stochastic) viability property of K with respect to
H: from any initial random variable x in K, starts at least one solution () to the
stochastic differential inclusion which is viable in K, in the sense that

Vite[0,00[, for almost allw € Q, £,(t) € K

whenever the stochastic dynamics H satisfy adequate tangential conditions. For
that purpose, we use the concept of stochastic contingent set 7x () introduced in

[2, Aubin & Da Prato).



Then we shall prove in essence that subset K enjoys the viability property with
respect to H, whenever
H() O T () # 0,

for any =z € K.
For instance, this condition means that for every Fy-random variable z viable
in K

e when K is a vector subspace,

Vee H, Hxz)N (K x K) # 0
e There exists (u,v) € H(z) such that

1
v = 0 & (x,u)+§ o> = 0

when K is the unit sphere.

e There exists (u,v) € H(z) such that
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when K is the unit ball.

Here the norm || - || is the Hilbert—Schmidt norm, that is
Joll? = Tr fo0].

We mention that an elementary calculus of stochastic tangent sets to direct
images, inverse images and intersections of closed subsets can be found in [2, Aubin
& Da Prato].

Let us conclude this introduction by mentioning that the “dual” concept of in-
variance, requiring that all solutions remain viable in K follows from [2, Aubin & Da
Prato] and [10, Da Prato& Frankowska]: under adequate lipschitzianity assumptions
the invariance follows from the comdition

H(x) C T (x)

2 Stochastic Tangent Sets

Let us consider a o—complete probability space (2, F, P), an increasing family of o—
sub-algebras F; C F and two finite dimensional vector-spaces X := R", Y := R™.
The constraints are defined by a closed subset K C X. We denote by K the
subset
K = {ue L*(Q,F,P)|for almost allw € Q, u, € K}



Definition 2.1 (Stochastic Contingent Set) Let us consider a Fr-measurable
random variable x € K. We define the stochastic contingent set 7Tk (x) to K at x
as the set of pairs (v,v) € R" x L(Y, X) satisfying the following property: For any
a, p > 0, there exist h €0, a| and Frii-measurable random variables al and b with
values in R™, such that

) (o) <
i)  E(0"]?) < p®
iii) E@") = 0
iv) b" is independent of F;
and satisfying
x4+ hy +v(W(r +h) — W(r)) + ha" + VRV € K.

Definition 2.2 We shall say that H : X — X x L(Y, X) is a Marchaud set-valued
map if its graph is closed, its images are convex and its growth is linear in the sense
that

Va e X, V(u,v) € H(z), max ([[u]?, [o]?) < e (]]*+1) (2.1)
We consider the stochastic differential inclusion
d¢ € H(& dt @ dW (t)) (2.2)

where H is a Marchaud set—valued map. We say that a stochastic process £(t) is a
weak or martingale solution to the stochastic differential inclusion (2.2) starting at &
if there exist a probability space (Q, A, P) with a filtration {ﬁt} and a {ﬁt}—Wiener
process W such that

D) E@1) = / ds+/ (2.3)

~

i7) for almost all (w,t) €  x [0, o], w(t),vw(t)) € H(&, (1))
where 50 has the same law than &g.

Definition 2.3 We shall say that a stochastic process x(-) is viable in K if and only
if
Vt>0, z(t) € K (2.4)
i.e., if and only if
Vt>0, foralmost allw € Q, &,(t) € K

We shall say that K enjoys the (stochastic) viability property with respect to H —
or, in short, that K is viable under H — if for any Fy-measurable random variable
& in K starts one Fy-measurable martingale solution t — &(t) to the stochastic
differential inclusion (2.2) starting at x which is viable in K.



3 Stochastic Viability

Theorem 3.1 (Stochastic Viability) Let K be a closed subset of X. We assume
that H is a Marchaud set-valued map. If

Ve e K, H(x)NTk(x) # 0,

then, from any initial Fo-random variable & € K starts a martingale solution to the
stochastic differential inclusion (2.2) which is viable in K.

It is useful to translate this theorem in terms of stochatic control problems
with state-dependent constraints bearing on the controls where the set H(z) :=
{(f(z,u),9(z,u))},cp (s is parametrized by controls:

Theorem 3.2 (Viable Stochastic Control) Let K be a closed subset of X. We
assume that the set-valued map U : X +— Z is Marchaud and that f : Graph(U) — X
18 continuous and affine with respect to u.

We introduce the feedbak map x — Ri(x) associating with every Fi-random
variable x in KC the set of Fi-random variable u € U(x) such that

(f(xa u),g(x, u)) € TIC('T)

If for every Fi—measurable random variable x in IC, the set R (x) is not empty,
then, from any initial Fo—measurable random variable & € K starts a martingale
solution to the control problem

dg = f(E(t),u(t))dt + g(&(t), u(t))dW (t) )
3.1
for almost all (w,t) € Q x [0,00[, uw(t) € U(x,(t)),

which is viable in IC. The evolution of viable martingale solutions is requlated by

for almost all (w,t) € Q x [0,00], uy(t) € Rr(£w(t))

Proof of Theorem 3.1 — It is enough to prove the existence of a solution
to (2.2) on an arbitrary closed line interval, [0, 1] for instance. We set
1€() — &(s)l

[u()lloo = sup [[u(®)]| & |§(-)]la := sup =———
te[0,1] t£s |t — 5]

We shall first provide a priori estimates, second construct approximate solutions
to the stochastic differential inclusion and third, prove that they converge to a

solution to our problem.



3.1 A priori estimates

We shall prove that the linear growth assumption implies that :
VT >0, 3y > 0 such that

maX{ sup B([€@®)IP), sup E(||u(t)[*), sup E(Iv(t)IIZ)} <7

te€[0,7) ’ te[0,7 ’ t€[0,T

t 2
B(l€0)]?) < 2B([&]2) + 2B (H [ s )

+2E < 2) +4E <</Otu(s)ds, /Otv(s)dW(s)>>

< 2(B(l6oll* +¢ [ B(lu(s)P)ds + [ Blo(s)])ds)

E ( /Ot o(s)ds

E ( /0 " o(s)dW (s)

Using linear growth assumption (2.1), and setting ¢(s) := E(||£(s)]|?), we deduce
that

For simplicity, set T'= 1. Hence

/0 L o(s)dW (s)

because

2 t
) <t [ Blle()P)ds, (32

and

2 t
) = [ Edle@Ids (33)

o(t) < (c+1)+2¢(0) +2(c+1) /Ot ©o(s)ds.

Then the claim follows from the Gronwall lemma. W

3.2 Construction of Approximate Solutions

We begin by constructing approximate viable solutions to the stochastic differential
inclusion.
Let B denote the unit ball of X x £(X,Y).

Lemma 3.3 Let K be a closed subset of X. Assume that H is a bounded set—valued
map. Then there exists a constant v > 0 such that, for any € > 0, the set Sc(&) of
adapted stochastic processes



on [0,1] satisfying £(0) = &,
for almost all (w,t) € Q x [0,1], (uw(t),vu(t)) € vB

and

i) E ( sup dz(g(t),lC)> < 2¢?

t€[0,1]
ii) B (ess supyeod® ((£(2), u(t), v(t)), Graph(H))) < 262

i) max (E([EC)a) Edllu()le); E(llv(-)le)) < v,

18 mot empty.

Proof — Let us fix ¢ > 0. We denote by A-(&) the set of pairs (T¢,&())
where T¢ € [0,1] and £(-) is a stochastic process satisfying £(0) = & and

i) Vtel0,Te], Ed?(E(Ty),K) < T

i1) E( sup d2(§(t),lC)> < 2¢?

t€[0,T¢]
iii) B (ess supyeior,d? (£(1), u(t), v(1)), Graph(H))) < 2¢2

) max (E(lEC)]a) s Edu()le), Edlv()le)) < v

The set A () is not empty: take Tz = 0 and £(0) = &. It is an inductive set for
the order relation

(T&,Sl(')) = (T§2a§2('))

if and only if
T, < Te, & &0)lpm, = &)

Zorn’s Lemma implies that there exists a maximal element (T¢,£(-)) € A:(&). The
Lemma follows from the claim that for such a maximal element, we have Ty = 1. If
not, we shall extend £(-) by a stochastic process £ () on an interval [T¢, S¢] where
S¢ > T¢, contradicting the maximal character of (1¢,&(+)).

Since &, (T¢) is Fr, measurable, the projection map g (§,(T¢)) is also Fr-
measurable (see [6, Theorem 8.2.13, p. 317]). Then there exists a Fr,-measurable
selection y,, € Hg (&, (T¢)), which we call a projection of the random variable £(T%)
onto K.

For simplicity, we set + = £(T¢) and thus choose a projection y € Ilx(x). We

take
i Es/l —Tg

0
5 >

P
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and we set

¢ = max (E(|ull®),4E(|v]*) < +oo (3.6)
(u,v)eyB
We then introduce )
1-T,
6 := min (5,5(2)> > 0
2c

which is positive whenever Ty < 1.

We know that there exists (u,v) € H(y) such that (u,v) belongs to the stochastic

contingent set Zx(y): There exist h €]0, 8] and Fr,,-random variables a" and "
such that

i) E(Ja") < p?

i) E([o"]?) < p?

iii) E(b") =0 (3.7)
iv) b is independent of F;
and satisfying
y +v(W (T, + h) — W(Ty)) + hu + ha" +Vhb" € K (3.8)

~

We then set S, := T, + h > T, and we define the stochastic process (t) on the
interval [T, S;] by

Et) = o+t —Tp)u+v(W(t) — W(Ty)) (3.9)

Therefore, setting h :=t — Ty,

o~ o~

BE(S:)) ~ BE(T) < o~y hat — VA~ o —y|? =

|ha® 4+ Vb2 — 2 <:E -, hah> -2 <:U -y, \/Ebh>

We take the expectation in both sides of this inequality and estimate each term of
the right hand-side. First, we use the estimate

E(||ha" + VRo"|?) < 2n(hE(lla"?) + E([6"]*))

thanks to estimates (3.2), and (3.3).

| E((z-y,a")) < E(|lz—y[?)

and we observe that

D=
-

(1))

1
E<x—y,ﬂbh> = O



since b" is independent of x —y and E(b") = 0. We obtain, by the very choice of p,

~

E(d*(£(S:),K)) = E(PE(T, + h),K))

< B EL). 1)+ 28 1) (5 (|]))’

+2h(hE(]|a"||*) + E(|[6"[*))

~

< E(E(T),K) + h (B (||l - y]?) + 3E([a"|2) + E([b"]?)))

< 2T, + h(e®Ty + 4p?) < 2Ty, + he? = €28,

by (3.5)i).
Hence &(-) satisfies (3.5)i) for S,.
We observe also that for any t € [T, S,],

~

di(€(1) < IIE) —ylI?

and that
1) = yl? = llw =y + (¢ = To)u+o(W(t) = W(T,))|?
= dip(2) +2{z —y, (t = To)u +v(W(t) - W(T1)))
HI(t = To)u+o(W(t) — W(To))|
< di(2) + o =yl + 20|(t = To)u + o (W(t) = W(T)|*
< 2d}(x) + 4t = To)? lul® + 4 o(W(t) = W(T,))|?
Therefore

supre(r, s, 1€(1) =yl

< 2d}(2) + 48 — To)? |[ull® + dsupierr, g, oW (1) = W(T2)|)*

By taking the expectations and by using inequality

sup/h VAW (s <4/||h )|[2ds
t€(a,b]

E < sup  ||€(t) — y|]2> < 26T, + 4(S, — Ty)? < 22T, + 43¢3
t€[Tx,Sx]

we obtain

9



since max(E(||ul|?),4E(|[v||?)) = ¢* and since S, — T, < (3. By the choice of

g < e2(1

—Ty)
2¢?

, we infer that

E( sup |§(t)y\|2> < 2%, + 4682 < 28°T, +2e2(1 —T,) = 2¢2 (3.10)
t€[Ty,Sx]

~

Hence £(-) satisfies (3.5)ii) for S;.
We then observe that

~ o~ o~

Vi€ S, Tal, (£(t),u,v) = (y,u,0)+(£(t)-y,0,0) € Graph(H)the[S;lpS}Ilf(t)—yHB

Therefore,

E(ess sup( sup d> ((E(t),u,v),c;raph(ﬂ))> < E(tesup Hé(t)—yH?) < 2¢2

te[T%,Sx] (T,Sz)

We introduce now the concatenation £(-) of £(-) defined on the interval [0,T,] and

o~

&(+) on [Ty, Sy] defined by

~

(t) if te [Ty, S,

q { ) if  tel0,T]

One observe easily that

I€la < 207" max((|€]las I1€]la) (3.11)

We have to estimate E(||i|s0) and E(||€]|a). The first estimate follows from

E([lull) < sup E([|ul])
(u,v)eyB

Writing
£(t) = &(t) +&(t)
where
E(t) = o+ (t—To)u & &(t) = / vdW (s)

we infer that

E(lal) < s B(ul) &E(I&)2) < cap sup E(Jo])

(u,v)€YB) (u,v)EvB

thanks to inequality

4

(see [11, Da Prato & Zabczyk]). )

2

/a " a(s)dW (s)

b
) < cap [ llats)lPds,

«
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3.3 Convergence of Martingale Solutions

The existence of martingale solutions follows from Lemma 3.3 (with € := %) and

the following Martingale Convergence Theorem.

Theorem 3.4 (Martingale Convergence Theorem) Let K be a closed subset
of X. We assume that H is a Marchaud set—valued map.
Consider a sequence of Fi-adapted stochastic processes

t t
6(t) = €0+ [ un(s)ds+ [ on(&)dW ()
on [0, 1] satisfying
for almost all (w,t) € Q x [0,1], (up,(t),vn,(t) € vB

and
i) E ( sup d2(§n(t),lC)> =0
t€[0,1]
i) B (ess supyeio1d® ((6n(t), un(t), va(t), Graph(H))) — 0 (3.12)

i) max (E([[6n()lla) s Ellun()lloo); Elllvn(-)lloc)) < .

Then, there exist a probability space (Q, A, P) with a filtration {F;} and a {F;}-
Wiener process W, other stochastic processes (£, Un, Up,) and (&,,0) such that their
laws are equal:

ﬁ(é\n’ an? ’l/)\n) - E(gna U, Un)

and such that a subsequence (again denoted by) En converges almost surely to E
in C([0,1]; X), (tn,n) converges almost surely to (u,v) in LL([0,1], X x L(Y, X))
which satisfy

D) &) = £0)+ /O tﬁ(s)ds+ /O t@(s)dﬁ/(s)

@) for almost all (w,t) € Q% [0,1], (Uw(t),0,(t)) € H(E, (1)) (3.13)

iii)  for almost allw € Q, YVt e [0,1], &) e K
Proof — Let us denote by Bo the unit ball of L>([0,1], X x L(Y, X)). Then

the subset L. ([0, 1], vBs) of functions of L'([0,1], X x L£(Y, X)) with values in the
relatively compact subset 7B of X x L(Y, X) is a Polish space (i.e., a separable

11



complete metric space) when L! is supplied with the weakened topology. We thus
consider the random variable (&, u,, v,,) taking its values in the Polish space

® :=C([0,1], X) x L5([0,1],7B)
Their probability laws L£(&,, up, vy,) are defined by
L(&nstn,vn)(A X BxC) := P((&x(1),un(-),vn(-)) € Ax B xC)

so that, for any function ¢ € C(®,R), we have by definition

JRECIORMORTEY O
Q (3.14)

A) P (y() (Y0 ()L (Ens tn, 1) (dy, du, dv)

Since the expectations of the norms E(||u,(-)||cc) < v, E(JJon(*)]|oo) < v and
E(|£:.(")]la) < 7 are bounded, we know by Lemma 3.5 below that their probability
laws L(&y, un, vy) defined by (3.14) are tight. Therefore, they converge “weakly” to
some measure L.

By Skorohod’s Theorem (see for instance Theorem 2.4 of [11, Da Prato &
Zabczyk])), there exist a probability space (Q, A, P) with a filtration {F;}, stochastic
processes &, and & and stochastic processes (Tin, Un) and (@, ¥) such that

L, tin, ) = L(Enyun,vn) & LE0,0) = L.
and converging to (§~ ,U, ) in the sense that

i) almost surely, &, converges to £ in C([0,1]; X)
ii) almost surely, (y,7,) converges weakly to (u,v) in L£L([0,1];7Bs)

Therefore

/Q (), u(-), v())P(dw)
- [p o(y(-), u(-), v() La(dy, du, dv)
Set
Malt) = 60(0) —€0) ~ [ uals)ds & Taft) = &(0) 0~ [ Tus)ds

Then M, is a martingale with respect to the filtration o (&, u,) whose quadratic
variation is

(M, (1)) = /Otan(s)Hst

because, for any bounded and continuous function ¢,
B (1M (1) — Ma(s)lpln(s), (o), 0n(61) = B ([ [ a0 W ()] 60(6), tn(6),vals)) = 0

12



Therefore, M, is a martingale because for any bounded and continuous function ¢,

E ([Mn(t) — My (5)]p(En(s), n(s), 17n(8))) = E ([Mn(t) = Mn(s)](&n(s),un(s),vn(s))) = 0
(3.15)
Its quadratic variation is equal to

= [ as)Pds.
0

51;18 E(|[My(-) H%([O,l};X)) < +0o0

Since

we deduce?® that the martingales converge to M defined by

for any bounded and continuous function ¢.

Therefore, by the Martingale Representation Theorem (see for instance The-
orem 8.2 of [11, Da Prato & Zabczyk])), there exist another probability space
(Q A, P) with a filtration {F;}, a Wiener process W, other stochastic processes
(&ns Tin, ) and (€,1,7) such that

L(EnyTn, Tn) = L(Epslin, 0n) & L(E,T,0) = L(E,T,0)

and a martingale M

the quadratic variation of which is

such that

At / ds+M = / ds+/

It remains to prove that for almost all (w,t) € Q x [0, 1], (G (£), 0w (£)) € H (&, ().

3see for instance criterion I1-5-2 of [13, Neveu].
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By definition,

E (55 supyefo,1d((6n(t), un(t), va (1)), Graph(H)) )
= LGSS supte[O’l}dQ((y(t),,u(t),v(t)),Graph(H))E(gn(-),un(-),vn(-))(dy,du, d’U)
= [ ess supeio 2 (w(8) u(t), (1), Graph(H))L(E: (), (). () (g, s dv)

= E (ess sup;c(o d%((€n(t), (1), 5 (1)), Graph(H)))

converges to 0 by Lemma 3.3.

Now, we know that the (7y,(+), 7, (-)) are bounded in L®(Q x [0,1]; X x £(Y, X))
so that a subsequence (again denoted by) (in, ) converges weakly to some (&, )
in L°(Q x [0,1]; X x £(Y, X)), and thus, weakly in L*(€ x [0, 1]; X x L(Y,X)). On
the other hand, for almost all (w,t) € Q x [0,1], &,.(t) converges to &,(t). By the
Chebichev inequality, we deduce that

- 2 e ~ ~
P(ess subiefo,d” ((€n(t). @n(t), (1)), Graph(H)) = A) < 15
Taking A := =, we infer that
2 (/& ~ ~ 1 2
P (ess supyeyd” ((6n(t), (1), B (1)), Graph(H)) > ) < =

Therefore, ess sup;¢g 1]d <(§n( ), Un(t), ﬁn(t)),Graph(H)> converges to 0 in prob-

ability, and thus, there exists a subsequence (again denoted by) (En,ﬂn,ﬁn) such
that

almost surely, ess supte[(],l]d2 ((gn(t),ﬂn(t)ﬁn(t)), Graph(H)) — 0

Hence,

almost surely, (fn( ), Un(t),vn(t)) € B(Graph(H), %)

Now, by using the Convergence Theorem (see for instance Theorem 7.2.1 of [6,
Aubin & Frankowska]), we infer from the fact that F' is a Marchaud set—valued
map, that

for almost all (w,t) € Q x [0,1], (£(¢),4(t),5(t)) € Graph(H)

Let us prove now that the stochastic process §A (+) is viable in K. By definition,

E (supye(o) *(6n(t), K))
= [ sup d(u(0), K)L(E (), ual-). va()(dy. du dv)

® tef0,1]

14



Since the left-hand side converges to 0, we observe that

0 = [ sup d(y(). K)LER). Al 5())(dy.du, dv)
t€(0,1]

thanks to Lemma 3.3. We thus deduce that

/A sup d2(£(t), K)P(dw) = 0
2 tef0,1]

o~

thanks to (3.14). Hence, for every t > 0, £(t) € K almost surely. N

3.4 Tightness

Lemma 3.5 if the expectations of the norms E(||un(-)|lcc) < v, E(||vn()|lec) < v
and E(|&.(+)]|a) < v are bounded, the probability laws L(&y,, un,vy) are tight.

Proof — We have to associate with any € > 0 a compact subset K, such that
P((&n,un,vn) € Ko) > 1—¢

Since the expectations of the norms are bounded, we deduce from the Chebichev
inequality that

P (”f”a = 7) =e, P (HU\OO > Z) < &P (HUHOO > Z) < ¢

3

Therefore, it is enough to take

K. =

™ =2

(Ba X Boo X Bo)

which is compact thanks to Ascoli’s Theorem and the weak compactness of the
unit ball of L™ in L'. Indeed, the complement of K. is the product of the sets
{I€lla = 1}, {llullc > 2} and {||v[|oc > 1}, whose measure is larger than or equal
toe. N

References

[1] AUBIN J.-P. & CELLINA A. (1984) DIFFERENTIAL INCLUSIONS,
Springer-Verlag.

15



[11]

[12]

[13]

[14]

AUBIN J.-P. & DA PRATO G. (1990) Stochastic Viability and Invari-
ance, Annali Scuola Normale di Pisa, 27, 595-694.

AUBIN J.-P. & DA PRATO G. (1995) Stochastic Nagumo’s Viability
Theorem, Stochastic Analysis and Applictions, 13, 1-11.

AUBIN J.-P. & DA PRATO G. (1995) Stochastic Lyapunov method,
NoDEA 2, 511-525.

AUBIN J.-P. & DORDAN O. (1996) Fuzzy Control Systems and Toll
Sets, In HANDBOOK OF Fuzzy SysTEMS, Hung Nguyen Ed.

AUBIN J.-P. & FRANKOWSKA H. (1990) SET-VALUED ANALYSIS,
Birkh&user, Boston, Basel

AUBIN J.-P. (1991) ViaBILITY THEORY Birkh&user, Boston, Basel.

BENSOUSSAN A. (1982) STOCHASTIC CONTROL BY FUNCTIONAL
ANALYSIS METHODS, North-Holland.

BENSOUSSAN A. & LIONS J.-L. (1978) APPLICATIONS DES
INEQUATIONS VARIATIONNELLES EN CONTROLE STOCHASTIQUE, Dunod.

DA PRATO G. & FRANKOWSKA H. (1994) A Stochastic Filippov
Theorem, Stochastic Analysis and Applictions, 12(4), 409-426.

DA PRATO G. & ZABCZYK J. (1992) STOCHASTIC EVOLUTION
EQuATIONS IN INFINITE DIMENSIONS Cambridge University Press.

MILIAN A. (preprint) Characterization of coefficients of Ito equation
whose solutions live in some subsets of R™.

NEVEU J. (1964) BASES MATHEMATIQUES DU CACUL DES PROBA-
BILITEES, Masson.

STROOCK D.W. & VARADHAN S.R.S. (1979) Multidimensional dif-
fusion processes, Springer-Verlag.

Jean-Pierre Aubin and Giuseppe Da Prato

CEREMADE, Université Paris-Dauphine, 75775 Paris, France
and

Scuola Normale di Pisa, 56100 Pisa, Italia

16



