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Abstract

We introduce in this paper the concept of “impulse evolutionary game”.

Examples of evolutionary games are usual differential games, differentiable games
with history (path-dependent differential games), mutational differential games, etc.

Impulse evolutionary systems and games cover in particular “hybrid systems” as
well as “qualitative systems”.

The conditional viability kernel of a constrained set (with a target) is the set of
initial states such that for all strategies (regarded as continuous feedbacks, or, more
generally chosen in a class of feedbacks for which solutions of the associated control
system exist) played by the second player, there exists a strategy of the first player such
that the associated run starting from this initial state satisfies the constraints until it
hits the target.

This paper characterizes the concept of conditional viability kernel for “qualitative
games” and of conditional valuation function for “qualitative games” maximinimizing
an intertemporal criterion.

The theorems obtained so far about viability/capturability issues for evolutionary
systems, conditional viability for differential games and about impulse and hybrid sys-
tems are used to provide characterizations of conditional viability under impulse evo-
lutionary games.
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Introduction

The main theorems dealing with viability and capturability issues are valid for evolu-
tionary systems introduced in [0, Aubin], encompassing systems associated with control
systems and differential inclusions, history dependent (or path-dependent, memory-
dependent) control systems and differential inclusions ([35], 36, 37, Haddad]), as well as
other evolution systems such as parabolic type differential inclusions (see [46], [47, 48],

Shi Shuzhong]) and mutational equations ¥3 f(x) on metric spaces (see [2, Aubin]).
They are set-valued maps

€ X~ S(r) CC(0.00;X)

mapping a space X into the space of continuous functions z(:) : t € R — z(t) € X
starting at = at time 0 and satisfying few extra conditions.

The main example is provided by solution maps Sg associated with differential
inclusions #'(t) € F(x(t)).

On the other hand, the concept of evolutionary game has been introduced in [a,

Aubin & Catté] : it is an evolutionary system parametrized by a given family V of
feedbacks v : x € X + v(x) € V. An evolutionary game G is a set-valued map

G:(x,0) € X xV~> Sy(z) € C(0,00; X)

such that, for any o € V, z ~ Si(x) is an evolutionary system.

Usual differential or dynamical games provide examples of evolutionary games: A
dynamical game (P, @, F) is defined by

e a “set-valued feedback map” P: X ~ P
e a “tychastic” (or perturbation, disturbance) set-valued map @ : X ~ V

e a set-valued map F': X X P x V ~» X describing the dynamics of the dynamical



game:
i) 2'(t) € F(x(t), ut),v(t)))
i) u(t) € P(x(t))
iwi) v(t) € Qz(t))

Naturally, a dynamical game generates the evolutionary game (z,v) ~ Sz(x) where
V is the set of continuous selections of the set-valued map @ (feedbacks) and where
Si(x) is the set of solutions to the differential inclusion

w(t) € F(a(t), P(x(t)), v(x(t)))
starting at x.

Among the issues covered by the theory of differential games we single-out the
concepts of conditional viability kernel of a constrained set with target under an evo-
lutionary game: It is the set of initial states such that for all strategies (regarded as
continuous feedbacks, or, more generally chosen in a class of feedbacks for which solu-
tions of the associated control system exist) played by the second player, there exists a
strategy of the first player such that the associated run starting from this initial state
satisfies the constraints until it hits the target (see the precise definition below).

Finally, hybrid control systems have been “embedded” in [19, Aubin, Lygeros,
Quincampoix, Sastry & Seube|), [3, Aubin] in the framework of impulse differential
inclusions, later generalized [16, [I8, Aubin & Haddad] under the concept of impulse
evolutionary systems (S, ®) where ® : X ~ X is a reset map. Evolutions governed
by impulse hybrid games are called runs or executions depending upon the strategies
played by the two players: They are governed by the evolutionary system S until they
reach the domain of the reset map ®. When this happens, the evolution is reinitial-
ized with a new initial condition obtained through the reset map ® (see the precise
definition below).

In this paper, we shall introduce the concept of impulse evolutionary game and study
the concept of conditional viability kernel of a subset K (with a (possibly empty) target
C' C K) under such an impulse evolutionary game, which has been already studied in
[28, 29, Criick], [30, Criick & Saint-Pierre|, [44], [45] 142 Saint-Pierre] and [31], Criick,
Quincampoix & Saint-Pierre]. The point is not only to adapt to impulse evolutionary
games the results known for usual evolutionary games, but to study the specific issues
of impulse evolutionary games allowing to characterize the conditional viability kernel
under an impulse evolutionary game in terms of conditional viability kernels under
“continuous” evolutionary games through an adequate algorithm.

The theorems obtained so far about viability/capturability issues for evolution-
ary systems, conditional viability for differential games and about impulse and hybrid



systems are used to provide characterizations of conditional viability under impulse
evolutionary “qualitative games” and of conditional valuation function for “qualita-
tive games” maximinimizing an intertemporal criterion. In this case, it is shown that
the epigraph of valuation functions of a wide class of intertemporal optimization dy-
namical games are impulse conditional viability kernels, and thus, enjoy their prop-
erties. Among them, we found standard impulse optimal problems, impulse stopping
time problems and impulse worst time problems, These three classes of problems are
treated in a same general footing, the two last classes being treated independently by
classical or viscosity methods. The characterization of a valuation function in terms of
impulse conditional viability kernel allows us to adapt the Saint-Pierre viability kernel
algorithm for computing impulse conditional viability kernel the regulation maps pro-
viding the runs. It bypass the characterization in terms of (generalized) solution of a
quasi-variational Hamilton-Jacobi inequalities to which one can give a precise mean-
ing by translating the tangential conditions provided by the viability theorem, as in
[4, Aubin] for instance, avoiding the regularity conditions that classical methods or
the concepts of viscosity require (Most often, the valuation functions are only lower
semicontinuous). We do not reproduce these properties here (see [8, Aubin, Bayen,
Bonneuil & Saint-Pierre]) for lack of space.

The paper is organized as follows. The first section introduces the evolutionary
systems associated with control systems. The second section provides the main results
on impulse control systems and differential inclusions: it introduces the concepts of
runs, of impulse evolutionary systems and impulse viability kernels. The third section
is devoted to conditional viability kernels of sets under impulse evolutionary games.
These results are applied in the fourth section to impulse optimal control problems.
We need to recall these recent results couched in terms of concepts of viability theory
before tackling in the fifth section the maximinimization of an intertemporal criterion
involving “discrete and continuous” cost functions, by relating the epigraph of the
impulse valuation function to the concept of impulse viability kernel.

0.1 Control Systems and Differential Inclusions

Consider a system (f,U) where

1. f: X xU — X is a map associating the velocity f(x,u) of the state z with any
state-parameter pair (z,u) ,

2. U: X ~ U is a set-valued map associating a set U(x) of parameters feeding back
on the state x with any state z.



The relevant properties of a set-valued map are portrayed in its graph:

Definition 0.1.1 The graph Graph(U) of a set-valued map U : X ~ Y 1is the set of
pairs (z,y) € X XY satisfying y € U(x).
The domain of U is the subset of elements x € X such that U(x) is not empty:

Dom(U) = {zx e X | U(zx) # 0}

The image of U is the union of the images (or values) U(x), when x ranges over X :

= JUw@

zeX
The inverse Ut of U is the set-valued map from'Y to X defined by
reUy) <= yeU(z) <= (v,y) € Graph(U)

If U is a single-valued map, it coincides with the usual concept of graph.

Definition 0.1.2 A control system (f,U) defines the evolutionary system S : X ~»
C(0,00; X): for any x € X, S(x) is the set of evolutions x(-) governed by

— F(a(t), u(t))
€ Ulx(t)) 1)

starting from x.

Lemma 0.1.3 Let F(x) := f(x,U(x)) denote the set of velocities of the parameterized
system. The evolutions z(-) governed by the parameterized system

— F(a(t), u(t))
e Ulx(t)) @)

are governed by the differential inclusion

r'(t) € F(a(t)) (3)

and conversely.



By taking f(z,u) := w and U(x) := F(x), any differential inclusion z'(t) € F(z(t))
appears as a parameterized system (f,U) parameterized by its velocities. we consider
mainly evolutions x(-) viable in a subset X' C X representing a constrained set (an
environment) in which the trajectory of the evolution must remain forever:

Vt>0, z(t) € K (4)

Alternatively, a “target” C' C K being given, we distinguish evolutions z(+) captur-
ing the target C' in the sense that they are viable in K until they reach the target C'in
finite time:

z(T)eC

47T > 0 such that{ Vit e [0,7], z(t) € K (5)

We say that an evolution is viable in K outside C'if it is viable in K forever or until
it reaches the target C' in finite time.

Definition 0.1.4 Let K C X be a constrained set and C C K be a target.

1. The subset Viab(K,C) := Viabg(K,C) of initial states vo € K such that at
least one evolution z(-) € S(xg) starting at xq is viable in K for allt > 0 or
viable in K until it reaches C' in finite time is called the viability kernel of K with
target C' under S.

When the target C' = () is the empty set, we say that Viab(K) := Viab(K,0) is
the viability kernel of K.

2. The subset Capt(K,C) = Captg(K,C) of initial states v € K such that at
least one evolution x(-) € S(xg) starting at xo is viable in K until it reaches
C' in finite time is called the capture basin of C' viable in K under S. When K = X
is the whole space, we say that Capt(C) := Capt(X,C) is the capture basin of
C.

We say that

1. a subset K is viable under S if K = Viab(K),

2. K 1s viable outside the target C' C K under the evolutionary system S if K =
Viab(K, (),

3. that C is isolated in K if C' = Viab(K,C),



4. that K is a repeller if Viab(K) = 0, i.e., if the empty set is isolated in K.
We start with a simple and important algebraic property of [9, Aubin & Catte]:

Theorem 0.1.5 Let S be an evolutionary system, K C X be a constrained set and
C C K be a target.

The viability kernel Viab(K,C) of K outside the target C is the unique
subset between C' and K that is both

1. viable outside C (and is the largest subset D C K wiable outside C'),
2. isolated in K (and is the smallest subset D O C' isolated in K ):

Viab (K, Viab(K,C)) = Viab(K,C) = Viab(Viab(K,C),C) (6)

The viability kernel satisfies the properties of both the subsets viable outside a
target and of isolated subsets in a constrained set, and is the unique one to do so.

This statement is at the root of uniqueness properties of solutions to some Hamilton-
Jacobi-Bellman partial differential equations whenever the epigraph of a solution is a
viability kernel of the epigraph of a function outside the epigraph of another function.

The uniqueness follows from

Lemma 0.1.6 Let us consider a map (K,C) — A(K,C) satisfying

(i) C C AK,C) CK .
{ (i) (K,C)— A(K,C) is increasing (7)

1. If AK,C) = A(A(K,C),C), it is the largest fized point of the map D
A(D,C) between C and K,

2. If AK,C) = A(K, A(K,(C)), it is the smallest fized point of the map E
A(K, E) between C and K.

Then, any subset D between C' and K satisfying
D c A(D,C)and A(K,D) = D
is the unique bilateral fixed point D between C' and K of the map A in the sense that:
AK,D) = D = A(D,C)
and is equal to A(K,C').

See [0, Aubin & Catte| for a systematic study.
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0.2 Conditional Viability Kernels of Sets under Im-
pulse Evolutionary Systems

0.2.1 Runs

We refer to [15, [16] 17, I8, Aubin & Haddad] and [19, Aubin, Lygeros, Quincampoix,
Sastry & Seube| for more details on the viability approach to impulse and hybrid
control systems.

We identify C(0,0; X) with X and we define “runs” in the following way:
Definition 0.2.1 . We say that a (finite or infinite) sequence

Z() = (T 2a(Nnzo € J[R*xC0, 7 X)

n>0
is a run (or an execution or a punctuated evolution) Z’(-) made of

1. a finite or infinite sequence 7(Z () = {Tu}n of nonnegative cadences 7, €
[0, o0,

2. a sequence of motives x,(-) € C(0,7,; X).
We associate with a run @ (-)

1. its impulse set T (7' () := {t,}n>0 of sequences of impulse times t, 1 == t, + T,
to — 0

2. its development defined by

V>0, 7(t,) =2,(0) & Yt € [tn,toul, T(t) = 2,(t—t,)

We say that the sequence of z, ‘= x,(0) € X is the sequence of reinitialized states
of the run T (-).

A run Z'(+) is said to be viable in K on an interval I C Ry if for any t € I,
H
7 (t) € K.

Naturally, if 7, = 0, i.e., if t,,41 = t,,, we identify the motive z,,(-) with the reinitial-
ized state x,(-) = x, € C(0,0; X) = X, so that runs can be continuous-time evolutions,
sequences (discrete time evolutions), or hybrids of them.



Definition 0.2.2 A run 7 (-) = (7n, Tn(+))n>0 is said to be
1. discrete if for some p and for alln > p, 7, = 0 (the run ends with a sequence),

2. infinite if the sequence of cadences is infinite and finite otherwise. In this case,
it stops at some Ty, and we agree to say that the Nth motive xn(-) is taken on
0, +00[ and to set Ty = 400 (the run ends with a continuous-time evolution,).

If t ¢ T(7(-)) is not an impulse time of the run @ (-), then we can set @ (t) = x(t)
without ambiguity. At impulse time ¢, € 7(7'(+)), we defined @' (¢,,) := ,(0). But we
also need to define the value of the run just before it “jumps” at impulse time:

Definition 0.2.3 Ift, € T(7'(+)) is an impulse time of the run 7' (-), we set

. | limy, - x(7) if ¢, >t,_1
(") '—{ 2o 1(0) = T(tay) if =t
We associate with a run Z(-) its sequence of jumps s(Z(+)) := (8,(Z(-)))n>1 defined
by
sn(Z()) = 2n(0) — 2p_1(T01) = ?(tn) - ?(_tN)

We now adapt to runs the integral representation z(t) = xo+ fot ' (7)dr of an evolution:

Proposition 0.2.4 Assume that the motives x,,(-) of a run T (-) are differentiable on
the intervals |0, 1,,[ for all n such that the cadence 7, > 0 is positive. Therefore, for all

Js

j—1

(i) Vteltt], Tt = zo+ Zsk(f()) —I—/O #'(T)dr when t; 4 <t;

(it) x; = ?(tj) = $0+Zsk(f('))+/0j$/(7')d7'

0.2.2 Impulse Evolutionary Systems

Consider control system :
{ (i) 2'(t) = flz(t),u))
(i) u(t) € U(x(t))

with state-dependent constraints on the controls, generating the evolutionary system
denoted by S associating with any initial state x the subset S(x) of solutions z(-) to
(Equation 1)) starting at x.
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Definition 0.2.5 We introduce a set-valued map ® : X ~ X, regarded as a reset map
governing the resetting of the initial conditions.

The subset
Egressg(K) = K\ '(K) = KN®“'(CK) = K\ Viaby(K) (8)
1s called the egress set of K under ®.
The graphical restriction ®|(x_.xy: K ~ K of ® to K x K defined by

o _ [ ®(@)NK if e Viaby(K):=KNo Y(K)
|(kory () = 0 if =€ Egresse(K) = K\®!(K)

the graph of which being equal
Graph(®g.x)) = Graph(®)N (K x K)

The domain Viaby(K) := K N®~'(K) of the graphical restriction to K of the reset
map ® is known under various names, such as the transition set, stopping set or guard
in the control literature. The discrete egress set Egresse(K) :== K\® ' (K) of K under
® s called the continuation set in optimal impulse control theory. The image of the
graphical restriction is equal to K N ®(K).

Remark: Extension of Reset Maps — In some problems, the reset map ® : G ~ K is
given as a set-valued map from a subset G C K of K to K. This particular situation fits the general
framework since ® coincides with the graphical restriction

of its extension ®X : X ~» X defined by

o - {30 258

and thus, Viabkx (K) = G and Egressgx (K) = K\G. H

An impulse evolutionary system is associated with an evolutionary system S govern-
ing the continuous-time components of a run and a reset map ® governing its discrete
components in the following way:

Definition 0.2.6 Let ® : X ~ X be the reset map and S : X ~» C(0,00; X) the
evolutionary system associated with a control system. We associate with any initial
state ¥ € X the subset R(z) := Rs.a)(x) of runs T'(-) satisfying

(i) xn(-) € S(xa(0))  or  (24(0),2n(-)) € Graph(S)
vn20, { (17) 2p41(0) € D(x, (7)) or (zn(7n), 2n21(0)) € Graph(P) (9)
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Such a run is called a solution to the impulse evolutionary system starting at x.

The set-valued map R : X ~ [],5o R xC(0, 7,5 X) is called the impulse evolutionary
system associated with the pair (S, ).

A subset K is said to be viable outside a target C C K wunder the impulse evolu-
tionary system R is from every v € K starts at least one run @ (-) € R(-) viable in K
forever or until it reaches the target C in finite time.

We provide other formulations of solutions to impulse differential inclusions:

Lemma 0.2.7 Let R := R(sa) be an impulse evolutionary system and consider a
subset K C X. A run 7 () € Risa)(x) is a solution to the impulse evolutionary
system if and only if for every n > 0, the impulse times are given by t,.1 := t, + Tn,
to =0,
{ T(t,) € (T (Tta))

Vit € [ty tui1[, @ (t) := z(-)is an evolution stating at impulse time t,, at 7 (t,)

Such a solution can also be written in the form

n—1

(1) Vt€ [t ta], T(t) = 20+ Z(@ — 1) (T ("t) + /tF(JZ(T))dT when t, 1 <t,
k=0 0

(i) T(ta) = 2o+ Y (€ —1)(T("t)) + /0 " Fa(r))dr

We begin our study by characterizing subsets viable under a impulse evolutionary
system in terms of viability kernels under its continuous-time component S and its
discrete-time component, ®:

Theorem 0.2.8 Let R := Rsa) be an impulse evolutionary system and two subsets
KcX and C C K. We set

Viab} (K,C) = CU (K N®(K))

A subset K C X 1is viable outside the target C' under the impulse evolutionary system
R if and only if K is viable outside Viaby (K, C) under the evolutionary system S:

K = Viabg(K, Viaby (K, C))
If
K = Captg(K, Viab} (K, C))

then from any initial state x starts at least one run T (-) € R(x) with finite cadences

viable in K forever or until it reaches the target C in finite time. This happens whenever
K\Viaby (K, C) is a repeller.
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0.2.3 Impulse Viability Kernels

We associate now with an impulse evolutionary system viability kernels of targets in
the following way:

Definition 0.2.9 Let K and C C K be two subsets. The impulse viability kernel of K
ImpViab(K, C) := ImpViabg 4)(K,C)

with target C under the impulse evolutionary system (S, ®) is the subset of initial states
x € K from which starts at least one run viable in K forever or until it reaches the
target C' in finite time.

viable runs

0.7
0 Vo= [0-0700) — (% V)= (0-0.720) —
UG Vo= 0.-0718) — (% V)= (0-0.725) =——

Figure 1: Example of an impulse viability kernel. The (single-valued) map F' is defined
by F(z) = (29 + ”x||||;”0'7x1, —r + ”$”;H0'7x2). The (single-valued) map ® maps point
(1, 25) to points (0.5, x2). The subset K is the complement of a small ball around (0, 0)

in the square [—1.2,+1.2]2. Source: Patrick Saint-Pierre.

We recall the fundamental characterization of impulse viability kernels:
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Theorem 0.2.10 The impulse viability kernel ImpViab s ¢\ (K, C) of K with a target
CCK s

1. the largest subset D satisfying C C D C K and D C ImpViabs ¢)(D, C),
2. the smallest subset D satisfying C' C D C K and ImpViab(S@)(K, D)cC D,

3. the unique subset D satisfying C C D C K and

D = ImpViabs ¢)(K, D) = ImpViabs (D, C)
The map (K, C') — ImpViab s ¢) (K, C) satisfies the property
C C ImpViabs4)(K,C) C K
and is increasing in the sense that
IfCy c Cy & K; C Ky, then ImpViab(&@)(Kl, Cy) C ImpViab(S’q))(Kg, Cy)

Therefore Lemma implies that the impulse viability kernel ImpViab g 4 (K, C)
is the unique bilateral fixed point between C' and K of the map (K, C) +— ImpViab g ¢)(K, C).

Theorem states that whenever K is viable outside C' under an impulse evolu-
tionary system, it is a fixed point of the map D +— Viabs(D, Viabg (D, C), that, as a
matter of fact, plays an important role for characterizing impulse viability kernels.

We begin by observing that

Lemma 0.2.11 The map D +— Viabg(D, Viabg (D, C)) is increasing and satisfies
C' C Viaby(D,C) C Viabg(D, Viaby(D,C)) C D
We deduce another fixed point characterization of the impulse viability kernel:
Theorem 0.2.12 The impulse viability kernel ImpViab g 4)(K, C) is the largest of the

fized points of the map D — Viabg(D, Viabg (D, C):

Viabs(ImpViab g 4 (K, C), Viabg (ImpViabs 4 (K, C)), C) = ImpViab g 4 (K, C)
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Proof — Theorem implies that any subset D between C' and Viabgs(D, Viaby (D, C)) is
viable in D C K outside C' under the impulse evolutionary system R (s ¢), so that it is contained in
the impulse viability kernel ImpViab s (X, C).

Conversely, the impulse viability kernel ImpViab(S’(D)(K ,C) is a fixed point of the map D
Viabg (D, Viabg, (D, C). Indeed, by Theorem the impulse viability kernel is itself viable in
ImpViab g (K, C) outside C under the impulse evolutionary system, so that Theorem implies
that the impulse viability kernel ImpViab s 4)(K,C) is a fixed point. M

Since the impulse viability kernel ImpViab g ¢(k, () is equal to Capt(K,K N
@~ (TmpViab s ¢)(K,C))) by Theorem [0.2.12} we infer how to regulate viable runs:

Theorem 0.2.13 Starting from any initial state xo € ImpViabg ) (K,C), a run
T () = (Tn, T () )ns0 viable in K forever or until it reaches the target C' in finite time

is requlated in the following way: Assume that at stage n, x, belong to the impulse
viability kernel ImpViab s ¢) (K, C) of K outside C.

1. if x, € C, then the run may stop,

2. if x, € Viabé,(lmp\/iab(&@)(l(, C),C)\C, then we may take 17, = 0 and x,11 €
®(z,) N ImpViabs ) (K, C) as the next reinitialization state,

3. ifx, € Viab}b(lmp\/iab(&(b)([(, ), C)\C, then we must take one motive motive
z,(') € S(x,) viable in ImpViab g 4)(K,C) forever (and the run may stop) or
until the first time 1, > 0 when x,(7,) € Viab;(lmp\/iab(s@)([(, ), C). In this
case,

(a) either x,(7,) € C, and the run may stop,

(b) or x,(7,) € @~ (ImpViabs 4) (K, C)), and then, we take x,41 € (2, (7,) N
ImpViab s 4) (K, C) as the next reinitialization state.

We provide a way to build the impulse viability kernel ImpViab s ¢)(/, C) is an
intersection of viability kernels under the evolutionary system: This is the Impulse
Viability Kernel Algorithm.

Theorem 0.2.14 Assume that K is a compact repeller under S, that F' is Marchaud
and that C' C K and the graph of ® are closed.

The sequence of subsets K starting at Ky := K and defined recursively by

Ky, = Viabs(K;, Viaby(K;, C))
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The impulse viability kernel ImpViab(37¢)(K, C') is obtained through the “Impulse Via-
bility Kernel Algorithm”:

ImpViab s ¢ (K, C) ﬂ K;

Proof — We already know that

ImpViab,s ¢ (K, C) ﬂ K; = Ky

Conversely, take 2z € K. Since for any n > 0, x € K,11 = mboxViabg(Kj,Viab}i)(Kj,C’)),
there exists an evolution x,(-) € S(z) and 7,, < 7 < +00 such that z,(r,) € Viabg(K;,C)). Since
the evolutionary system S is upper semicompact, a subsequence (again denoted by) z,(-) converges
to some evolution z () € S(z) and a subsequence (again denoted by) 7,, converges to some 7o, <7,
so that @, (7,) converges t0 Zso(7o0). We deduce that

Too(To0) € () Viaby (Koo, C)) C Viabg (Koo, C))
j=0

Therefore, Ko, is a fixed point of D +— Viabg (D, Viabg (D, C), and thus, contained in its largest fixed
point, the impulse viability kernel ImpViab g ¢)(K,C). B

0.3 Conditional Viability Kernels of Sets under Im-
pulse Evolutionary Games
Definition 0.3.1 A dynamical game (P, Q, F') is defined by

e a “set-valued feedback map” P : X ~ P
e a “tychastic” (or perturbation, disturbance) set-valued map @Q : X ~ 'V

o a set-valued map F : X X P xV ~» X describing the dynamics of the dynamical

game:
(1) a'(t) € F(x(t),u(t), v(t)))
(ir) u(t) € P(x(t))
(iii) o(t) € Qz(1))

Usual differential games provide examples of evolutionary games:
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Definition 0.3.2 A dynamical game generates the evolutionary game
Sy(x,0) € X x V~s Si(z) € (0, 00; X)

where V is the set of continuous selections of the set-valued map @ (feedbacks) and
where Si(x) is the set of solutions to the differential inclusion

w(t) € F(a(t), P(x(t)), v(x(t)))

starting at x.
We introduce impulse evolutionary dynamical games:

Definition 0.3.3 Consider a family @3 of set-valued maps @5 : X ~ X, regarded as
reset maps indezed by v € V and an evolutionary game

Syt (2,7) € X x V~s Sy() € C(0, 00; X)

We denote by Ry := Rs,,»,) the impulse evolutionary system indexed by v € V.
The associated impulse evolutionary game is the family Ry = (Ry) of impulse evo-
lutionary systems.

eV
Definition 0.3.4 Consider an impulse evolutionary game Ry = (S5, P5)5 € V and
two subsets K and C C K. We set
ImpViab;(K, () = ImpViabg 4. (K, C)
and say that the subset
CondImpViabz, (K,C) = ﬂ ImpViab; (K, C)
ey

1s the conditional impulse viability kernel with a target under the impulse evolutionary game
(S, ).
We say that K is conditionally viable outside C' if

K C CondImpViabg (K, C)

i.e., if for any state o € K, for all feedbacks ¥, there exists at least one run 7'(-) €
Ri(xg) viable in K forever or until it reaches C.



17

Proposition 0.3.5 If a subset D between C and K satisfies

(10)

(i) YoeV, D c ImpViaby(K, D)
(it) Fvo €V such that ImpViaby (D,C) C D

then D s equal to CondImpViabRg(K, C) and is the unique bilateral fixed point of
ﬂ ImpViabg(-,-):
veV
CondImpViabg_ <CondImpViabR9(K, C’),C’) = CondImpViabRT;(K, C)
= CondImpViabg_ (K , CondImpViabg_ (K,C )>

We deduce the following fixed-point characterization of conditional impulse viability
kernels:

Theorem 0.3.6 The conditional viability kernel CondImpViabe;(K, C) of a subset
K with target C C K is the smallest subset D between C' and K satisfying

CondImpViabRD(K D) C D
and actually is a fived point

CondImpViabr_(K, C)

= ﬂ ImpViab; <K , CondImpViabRg (K, C’))
ey
Unfortunately, the conditional impulse viability kernel CondImpViabRD (K,C) of
K outside the target C' C K is not itself necessarily conditionally viable outside the
target C, i.e., it is not a fixed point of the map K +— CondImpViabRg (K,C).

As in the case of dynamical games, we follow the idea of Pierre Cardaliaguet by
introducing the impulse discriminating kernel ImpDiscRﬁ(K, () of K with target C":

Definition 0.3.7 Let us consider an impulse evolutionary game (S, ®) and two subsets
K and C C K.

We say that the largest subset D between C' and K conditionally viable in K outside
C under the impulse evolutionary game is the impulse discriminating kernel of K with
target C' under the impulse evolutionary game Ry;, denoted by ImpDisch;(K7 ).
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Matheron’s Theorem (see [9, Aubin & Catté] for instance) implies that the map
K — ImpDiscRg (K, C) is the unique map onto the family of subsets D between C' and

K conditionally viable in K outside C' associated with the map K — CondImpViabe} (K,C)
and that ImpDiSCRD(K , (') is the largest fixed point of this map:

ImpDiscr (ImpDiSCR\7 (K,C),C) = ImpDiscr (K,C)
We state the following properties of impulse discriminating kernels:

Proposition 0.3.8 Let us consider an evolutionary game (x,v) ~ S(x).
Then
(1) Cr— ImpDiSCRD(K, (') is increasing
(17) ImpDiscRT;(K, ImpDiSCRT;(K, ) (11)
= ImpDiscr_ (K,C)

Proof — Let C; C Co C K and x € ImpDisch; (K,Cq). Hence, for any feedback v € ]7, there
exists at least one run 7' () belongs to Ry (z) viable in ImpDiscr (K, C4) forever or until it reaches
C1 — and thus, Cy — in finite time. Hence ImpDiscR‘; (K, () is conditionally viable outside Cs, so
that ImpDiSCRD(K, Cy) C ImpDiscr (K, Cs).

For proving that ImpDiscr (K, ImpDiscRD(K, ) = ImpDiscr (K, C), take any

Ty € ImpDiSCRD (K, ImpDiSCR{} (K,(C))

For any v, there exists a run 7' (-) € Sz(xg) viable in ImpDiscr (K, ImpDiscg (K, C)) forever or else,
until it possibly reaches the subset ImpDiscr (K,C) of ImpDiscr (K, ImpDiscr (K,C)) at some fi-
nite time T > 0 at x(T) € ImpDiscR\}(K, C). In this case, we concatenate 7' (-) with one run 7'(-) €
Ry (x(T)) starting from x(T) viable in ImpDiscr (K, C), and thus, in ImpDiscr (K, ImpDiscr (K,Q)),
until it possibly reaches C. Hence, for any v, ImpDiSCRQ (K, ImpDiSCR\} (K,C)) captures C, i.e.,
IrnpDisch)(K7 ImpDisch} (K,C)) = ImpDiSCR{} (K,C). 1

We thus deduce that the impulse discriminating kernel is the unique bilateral fixed
point:

Theorem 0.3.9 The impulse discriminating kernel ImpDiSCRT}(K, C) of a subset K
with target C' C K 1is

1. the largest subset D between C' and K conditionally viable outside the target C,

2. the smallest subset D between C' and K satisfying ImpDiseR‘N}(K, D)=D,
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3. the unique minimazx D between C' and K in the sense that

D = ImpDiscr_(K,D) = ImpDisc_(D,C)

As Pierre Cardaliaguet did with differential games, we relate the concepts of impulse
discriminating kernels and conditional impulse viability kernels through the Discrimi-
nating Impulse Viability Kernel Algorithm:

Theorem 0.3.10 We set Ky := K and
Vi>0, K;:= CondImpViabRD(Ki_l,C) = ﬂ ImpViabg(K;_1,C)
eV

Let us assume that the evolutionary game (x,v) ~ Sz(x) is upper semicompact. Then
Imlesch](K, C) = QK}

Proof — We already know that

ImpDiscr (K, C) C () K;
i=1

We have to check that the intersection Ko := (), [ of the closed subsets K; is conditionally
viable outside C, i.e., that for each v, K., captures C' under R;. Indeed, for a fixed v,

C C Ki+1 C ImpViabﬁ(Ki,C’) C K;

So, K is the intersection of the decreasing sequence of the viability kernels ImpViab; (K, C') viable
under the set-valued map Sz. Since Sy is assumed to be upper semicompact, the stability theorem of
impulse viability kernels implies that K, itself is viable outside C' under this map &;. Hence, K, is
viable outside C' under every set-valued maps Sy, and thus, is contained in the impulse discriminating
kernel ImpDisch} (K,C). 1

0.4 Impulse Optimal Control

We recall here the results of [I2 Aubin & Dordan]| on the links between impulse via-
bility kernels and impulse optimal control problems that we shall use for intertemporal
impulse differential games.
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Let us introduce a discount factor m and a “Lagrangian”
1: (z,u) € X xU —1(z,u) e R

used to measure a cumulated cost over time, that depends upon the state and the
controls. Let us introduce also

1. areset map & : R, x X ~ X,
2. an extended function w : Ry x X x X — R U {400} satisfying

w(t,z,2") = +oo whenever 2" ¢ ®(t,z) —x

with which we associate the set-valued map ¥ : R, x X XY ~ Ry x X x R defined
by
U(t,z,y) = (t,x+ 2",y —y*) where y* > w(t,z,x")
Note that this condition implicitly implies that z* € ®(¢,z) — x.
We denote by 7 (7 (-);t) the set of impulse times t,, <t less than or equal to .
We introduce the impulse Cost Functionals:

Definition 0.4.1 We associate with any extended function v : Ry x X — R, U{+0o0},

—

any t >0 and any (7' (-), W (")) € Rc.a)(x) the functional

( Imp(J), (4 (7'(-), W ()T, )

= e_mtv(T—t,x(t))—i—/O e "(x(7),u(r))dr

4 Z e_mth(T—tj,?(_tj%sj(?(')))

€T (T ();t)

\

We now introduce a function ¢ : Ry x X +— R, U {+o00} used as an objective and
a function b > ¢ defining dynamical constraints: It is used as a lower bound in the
sense that we take into account at each instant the maximal cumulated cost up to the
current time ¢:

Imp(I),,(t; (7(-), @ (-)))(T,2) = sup Imp(J)y(s; (7(-), @ (-))(T, )

s€[0,t]
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We next integrate this cumulated cost together with the cost Imp(J)_(; (z(s), u(s))) (T, z)
associated with the objective function ¢ by introducing the new cost functions

{ Imp(L) o (4 (2 (), @ ()(T, 2)
= max(Imp(I),(t;2(-), @ ())(T, 2), Imp(J)(t; (7'(-), W (-)(T, @)

and the functional

Imp(V)p, o (7 (), w())(T.2) = inf  inf TImp(L)g, (7 (), 0 ()T, )

te[0,T] t;€7 (T (-);T)
Definition 0.4.2 The impulse valuation function Imp(V)i(f’c) is defined by

Imp(V) (T, z) = inf Imp (V) (7 (), W())NT, =
(V)b (T 2) FOTO R e o) (V) (pe)(2 (), w ()T, 2)

Examples: —  Consider a given time-independent function u : X — R U {400}, regarded as a
“spot” cost function in economics or as an obstacle in problems of unilateral mechanics, for instance.
State constraints are involved in the domain

Dom(u) := {z € X |u(z) < +oo}
We set
Imp(J),,(t, T (2()); (7' (), @ ()))(x)

= e_mtu(a:(t))—I—/o e "N a(r), u(t))dr

Y e Mw(s(E()

t; €T (Z();t)

We associate with it the function u, defined by

[ u(z,u) it t=0
Uso(t, x,u) = { Yoo if not (12)

and by 0 the function defined by

0 if t>0,
0(t, z,u) _{ 400 if not

We obtain three valuation functions Imp(V)i(rcl,fum)7 Imp(V)i(%fu) and Imp(V)i(r&fum):
1. Impulse Optimal Control Problems: They are defined on a prescribed time horizon by

inf L : (o rYe
anp(V)iy (1) = et g, (L TGOR(FO.TO)E 03
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When m = 0, the above problem boils down to the impulse Bolza problem

Imp(V){p (T, )

(07UOC)

T
= inf u(x(T))—i—/O (x(7),u(r))dr + Z w(s;(Z'(+))

(T (), T()ER s, ) () t, €T (T (-);T)

and when furthermore 1 = 0, the impulse Mayer problem

ImpVinfll T,x) = inf
Vo) (1) (@ ()T ()ERs 2 ()

2. Impulse Stopping Time Problems: They are defined by

ImpVinfu T,x) := inf inf Imp(J),& 7T (z(-)); T, W) (x 14
Vg (@) = nt it Tmp() (L TEOR(FOL RN (14

When m = 0, the above problem boils down to the classical impulse stopping time problem

inf
ImP(V)(o,u) (T, z)

= inf inf | u(x(t)) —|—/0 (z(7),u(r))dr + Z w(s;(Z'(+)))

((?(')17('))67?'(8,‘1’)(93) tG[O,T] t]'ET(?(~);t)

where we single-out the time (an no longer the prescribed horizon) where the cost is minimized.

3. Impulse Worst Time Problems: They are defined by

Imp(V)™, (T,2) == _ _ inf sup Imp(J),(t, T (2()); (T (), 7)) (15)
’ (7 (), W(-)ER(s,2)(®) te]0,T)

where we want to minimize the worst value of the functional on the time interval and not at
the prescribed time only.

When m = 0, the above problem boils down to

Imp(V)inf (T,x)

(u,u(x,)
= inf sup | u(z(t)) —|—/O W(z(7),u(r))dr + Z w(s;(Z'(+)))

(7 (), 7 ()ER s 0)(2) te[0,T]

and when 1 =0, to

Imp(V i?lfu T,x) = inf sup | u(z(t)) + w(s; (7 ()
( >( ' x)( ) ((?(')77(‘))67%(3.(1))(1)tE[O,T] ) t-ET(Z?(-)'t) (J< () )

One can devise many other examples. W
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0.4.1 Characterization of the Impulse Valuation Function

We need to introduce the auxiliary evolutionary control system

(i) () = -1
(i1) 2'(t) = f(x(t),u(t)) where u(t) € U(z(t)) (16)
y'(t) = my(t) = 1z(t), u(t))

where

t
y(t) - e Jo m(z(s),u(s))ds (y . / efoT m(:r(s),u(s))dsl(x(7_)7 U(T))dT> (17)
0

with which we associate the auxiliary reset map W : R, x X XY ~ R, x X XY defined
by

\I](t, €, y) = <t7 T+ x*> Y= y*) where y* > W<t7 Z, ZL'*)
The “continuous component” y(-) of a run (7'(+), ¥'(+))) of this auxiliary impulse
control evolutionary system is given on each interval [, t,1[ by

y(t) < e ™ |y — Y ey

t;<t

- /0 LT, u(T))dT}

We prove it by induction. Assume that it is proved for ¢,,. Let us take t, :=" t,,
T, = x(Tt,) + xf and y, = y("t,) — v where ¥ € &(T — t,,z("t,)) and y >
w(T — t,,x("t,),zk). Since on the interval [t,,t,,1] we have

rn

0(0) = e [ = [ e ntate).utry]

we infer that for any ¢ € [t,,, t, 1]
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t
= e L= e = [ et um)ar
L t;<t

and that for ¢ :=t,,1, we obtain

(

Y(ta) = Y(Ttun) = ynp < €M o= Y ey

tj <tpt1

- /0 " e (), u(r) )

because

Ypi1 = eminit (e_mtn+1

ynJrl)
The same remark implies that when t,,; = t,,, the “discrete component” is obtained
by the same formula.

We now provide a viability characterization of the impulse valuation function:

Theorem 0.4.3 Assume that the extended functions b and c are nontrivial and non
negative. Then the impulse valuation function Imp(V)l(f,c) is given by the formula

Imp(V)l(][lf (T, ) = _ inf Y
(T,Z‘,y)EImpVIab(y\P) (Sp(b),z‘:p(c))

Proof — To say that the run (T'— -, 7 (+), ¥ (-)) is viable in Ep(b) on the interval [0,*] means
that for every s € [0,t*],

The first inequality means that for every s € [0, t*],

Yo > Z e’mtJy] / e " x(r),u(r))dr + e "b(T — s,x(s))

tj<s
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and the second inequality that
t* .
vo = Y eyl / ez (7), u(r))dr + e (T — t*, 7 (t))
0

By definition,
yi = w(T =15, 7 ("ty),25) = w(T —1;, 7 ("t;),8;(7()))
The above inequalities amount to writing that

yo = Imp(D),(t"; (7 (), ¥ ()T, 2)

and that

yo > Imp(J) (t*; (7' (-), W ())(T,x))
i.e., that

yo > Imp(L)y, o (5 (7 (), W ()T, z)

Therefore, the valuation function inherits the properties of the viability kernels. W

0.4.2 Fixed-Point Characterization of the Impulse Valuation
Function

We associate with any extended function v : Ry x X +— R, U {400}, any t > 0 and
any (z(-),u(-)) € C(x) the functionals

Iy (t; (), u(-)(T, )

= e "v(T —t,2(t)) +/0 e " x(7), u(r))dr

and

Ly (85 (2(-), u(-))(T, x) = sup Ju(s; (z(-),u(-))(T, )

s€[0,¢]

We next integrate them by introducing the new cost functions

Lp.e) (65 (2(-), u(-))(T,2) = max(Ly(t;2(-), u() (T, x), Je(t; (2(-), ()T’ 7))

and introduce the functional

Vi) (2(:),u()(T2) = it Lpe(t; (2(-), u(-)(T' )

t€[0,T]
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The valuation function of the (non-impulsive) intertemporal minimization problem is
defined by .
VioTa) = b V() u()(T.0)
Theorem 0.4.4 Let us set
vxw(t,x) = iil*f (v(t,xz + ") + w(t,z,z%))

inf

Then the impulse valuation function Imp(V)(bp) is the unique fixed point

inf _ .
Imp(V)i o) = Vi max(emin(b, (tmp (V) +w))

of the map
V = V(b max(c,min(b, (viw))))
Furthermore, '
Imp(V)l(f’ ) = }Izl(f)vj
where v := ¢ and
Vir1 = V(b max(emin(b,(v;<w))))

Proof — The impulse capture basin is the unique fixed point of the map Ep(v) C Ry x X xR —
Capt(Ep(b), Ep(c) U (Ep(b) N T~ 1Ep(b)))

We first observe that

vxw)(t,x) = inf
( )(t2) (t,z,y) €L~ (Ep(V)) Y
Furthermore, under adequate conditions, if v and w are lower semicontinuous, so is v * w and in this
case,
71 (Ep(v)) = Ep(vxw)
Indeed, to say that (,z,y) belongs to ®~1(£p(v)) amounts to saying that there exist y* > w(t, z, 2*)
such that (¢,x + 2*,y — y*) € Ep(v), i.e., such that
(vew)(t,z) < vtz +a") +w(t,z,z") < y—y" +y" =y
Therefore, the epigraph of the function
(t, ) - max(e(t, 2), min(b(t, ), (v * w)(t, 2)))
is equal to
Ep(e) U (Ep(b) N T™Ep(D)))

We then know that the valuation function Virt‘)f) o) is the southern border of the viable-capture
basin Capt(,q,)(gp(b),é’p(c)) of Ep(c) viable in Ep(b) under ((Equation 16)), V).

The algorithm follows from Theorem [0.2.14, W
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0.5 Impulse Intertemporal Dynamical Games

We consider an evolutionary game and the functional

( Imp(3), (& (2(-), &(-)): (T, 2)

t
= ejo m(z(s), U(s),v(a:(S)))dsV(T —t, 1‘(t)) 4 / e./oT m(a:(s),u(s),v(x(s)))dsl($(7)’ u(T), ’17(I(7')))d7‘
0

N Z oo’ ma(s),u(s), W Doy (T — t5, 2(7t;), 8,(T(-)))
L €T (Z(-);t)

\

The function c is used as an objective. The function b defines dynamical constraints:
It is used as a lower bound in the sense that we take into account at each instant the
maximal cumulated cost up to the current time t:

Imp(I), (¢ (2(-), ©(:)); 0)(T,z) = sup Imp(JT)y(s; (Z(-), u(:)); 0)(T), x)

s€[0,¢]

We next integrate this cumulated cost together with the cost Imp(J)_(¢; (z(s), u(s)); v)(T, x)
associated with the objective function ¢ by introducing the new cost functions

{ Imp(L), o) (& (2(-), a(-)); 0)(T, )
= max(Imp(1),, (& 2(-), 4(-)); 0)(T, ), Iap(J)  (¢; (2(-), u(-)); 0)(T, x))

and the functional

Imp(V) ¢ (Z(), a();0) (T, x) == inf = inf  AImp(L)y, o & (£(-), 4(-)); 0)(T, )

te[0,T] t; €T (2(-);T)
Then the impulse valuation function Imp(V)?Epci)n "is defined by

sup inf L . 20N ()57
Imp(V) o (T,2) = s%p (:E'(-),ﬂ(l-l)l)feRg(x) Imp(V), o (Z(-), @()); 0)(T, )

Theorem 0.5.1 Let us assume that the extended functions b and c are nontrivial

and non negative. Then the conditional impulse valuation function Imp(V)?EI:;lf is the

southern border of the conditional impulse viability kernel basin Vi, o) := CondImpViabgz(Ep(b), Ep(c))
of Ep(b) with target Ep(c) under the auxiliary impulse evolutionary game (B, V).
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Then for any feedback v, there exists a run (Z(-),u(-)) € Ry(x) such that
( Tmp (V)3 (7, 2)
t
> elom@)uls) 0@ sy (7 ¢ () +/ elo m(@().u). 0@ s (1(7) u(r), 5(2(7)))dr
0

TS el M D (T b 1(~t), (3()))
\  LET(E()st)

(18)
until the first time t* € [0,T] when

( Tmp (V) (7, )

* _ t* T
> efo m(z(s ,u(s),v(:p(s)))ds(:(T . t*, x<t*)) _'_/ efo m(z(s),u(s),v )dsl< ( ) (T),E)J(I(T)))d’r
0

bYD el mE T g (T (1), 5,(()))

\  GET(@()tr)

(19)
Finally, the valuation function is the unique solution v to functional equation stating
that the functions Imp(V)y, ;) and Imp(V), . have the same supinf:

{ v(T,x) = Imp(V)3"h (T, z) (20)

= supg inf () i) ere o (2) TMP(V) 1) (2 (), u()(T, )

Unfortunately, the conditional impulse valuation function does not satisfy the
property

Imp<v>iup3“f<T )

t
> er s),u(s),o(x(s )))dslmp(V)l(ﬁc) (T —t, [L’(Zf)) + / efoT m(:t:(S),U(S),5(96(8)))6181(1,<T)7 u(T), 5(x(7)))dT
0

i Z efo m(z(s),u(s), U(x(s)))dSW<T—tj,l’<7tj),sj(f(')))
[ yeT@on

(21)
However, there exists a largest function Imp(V)gﬁf among the functions d between
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b and c satisfying

( d(T, )

t
> el mEE DI BT — ¢ 2(1)) + / 5 M) ) TS (1) (), T (r)))dr
0

tjmxs u(s),v(x(s s — =
b R T i (7 gy a(1,),5,(7()))
t;€T(Z(-)t)

\

(22)
This is the impulse discriminating valuation function denoted by Imp(V)g;Sc?. It satisfies
0 < b(t.a) < Imp(V)i'(Le) < Imp(V)GS(te) < clt.a) < +oo

The Cardaliaguet Algorithm implies that the impulse discriminating valuation func-
tion is obtained as di
Imp(V)(blf:()j(ta T) = H>1£ c;(t, )

where the functions are defined recursively by cg = ¢ and

ci—&-l(tax) = Imp(V)?EIsz(t,x)
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